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Abstract
I investigate search models in which firms wish to employ multiple workers.
I first focus on efficiency. One important approach to modeling frictional labor markets
is competitive search equilibrium, in which workers direct their search towards wages that
firms commit to pay them upon hire. If each firm wishes to hire precisely one worker, the
competitive search equilibrium is efficient (Moen, 1997; Shimer, 1996). I show that if firms
wish to employ multiple workers, then hiring will not generally be efficient if firms post
only a single wage. Efficiency requires that firms commit to hire a fixed number of workers
at the posted wage, to pay all applicants, or to make wages contingent on the number of
applicants. I show that if firms post only a wage, the amount of inefficiency is highest at
intermediate levels of labor market tightness. Efficiency under wage posting is restored in a
dynamic model if the duration for which firms commit to posted contracts becomes small.
I next calibrate a continuous-time version of the model to US data. Under the benchmark
parametrization and in response to plausible business-cycle shocks to productivity, the
model does not produce fluctuations in unemployment that match the amplitude of such
fluctuations in US data. It appears that the existence of firms that wish to employ multiple
workers is not per se a source of much amplification.
Finally, Daron Acemoglu and I present a generalization of the Diamond-Mortensen-
Pissarides (DMP) search model of unemployment which incorporates both intensive and
extensive margins of employment creation. Firms possess a production technology with
diminishing returns to labor, and recruit workers by posting vacancies. Entry by new firms
corresponds to the extensive margin of employment creation, while job creation by existing
firms captures the intensive margin. As in the baseline DMP model and theories of the firm
developed by Stole and Zwiebel (1996a,b) and Wolinsky (2000), wages are determined by
continuous bargaining between the firm and its employees. We characterize the steady-state
equilibrium in this class of models and discuss the implications of various different types of
shocks on the equilibrium unemployment rate.
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Title: Assistant Professor of Economics

Acknowledgments
I presume that any dissertation seems to be a long time in gestation, but this one seems to its
author to have been particularly reluctant to emerge into the 'daylight's roaring empyrean,'
to quote the Australian poet Bruce Dawe. In such circumstances, the forbearance of many
and the understanding of a few have been particularly used and abused. First and foremost,
my advisors took differing r6les: Daron as prolific commenter on two chapters and joint
author of the third, and Ivan, named second only for alphabetization, as equally helpful
source of suggestions for improvement where required, and support in angustiis. There were
moments when the motivation to complete the thesis was lacking and when determination
waned; the most frequent sources of further support in the matter were these two.
Numerous economists, both near and far, both fellow students and more senior members
of the profession, made particularly useful suggestions at particularly telling times of the
process. Again respecting the tyranny of alphabetical order, these included at various times
and in various capacities Herman Bennett, Olivier Blanchard, Glenn Ellison, my father
Robert Hawkins, Marek Pycia, and Casey Rothschild. Veronica Guerrieri deserves special
mention: it was a continuous source of support and amusement to have her thesis on a closely
allied topic being written at the same time in the same place. Seminar audiences at eleven
institutions made helpful comments on the first chapter when I presented it as my job-market
paper; the comments of Nobuhiro Kiyotaki and Robert Shimer were particularly useful. The
job-market process also made demands on others: the assistance of Lauren Fahey, Emily
Gallagher, Nancy Rose, Katherine Swan, and Linda Woodbury (again alphabetized) was
very much appreciated, as was that of Gary King over a longer span of time.
While it is difficult properly to thank teachers and fellow students adequately in print, it
is impossible to use the present literary form to express more deeply personal appreciation.
I therefore shall not attempt more than to mention three people, my gratitude to whom
overcomes my aversion to mawkishness. My parents are two of these three, and their
unstinting support for twenty-nine years was essential in allowing me to be in a position to
write these acknowledgements. Finally, adequate thanks to my wife, Claire, for her part in
the process is truly beyond the space or protocol for this introduction. Suffice it only to
say that vermicular gymnastics are adequate recompense for pedestrian complexity.

Contents
1 Competitive Search, Efficiency, and Multi-worker Firms
1.1 Introduction ...................
1.2 Static model ...................
1.2.1 Environment ..............
1.2.2 The efficient allocation .........
1.2.3 Contracts and equilibrium .......
1.2.4 Wage contracts . ............
1.2.5 Alternative contracting environments.
1.2.6 Welfare cost of wage posting .....
1.2.7 Firm size and labor market frictions .
1.3 Dynamic Model . .... . ........ . .
1.3.1 Environment ..............
1.3.2 Efficiency ................
1.3.3 Equilibrium and contracts .......
1.3.4 Asymptotic efficiency of wage posting
1.3.5 Wage dynamics .............
1.4 Conclusion ...................
1.5 Appendix ....................
2 Fluctuations and Multi-worker Firms under Competitive Search
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 Benchmark model ............................
2.3 Equilibrium and its characterization . . . . . . . . . . . . . . . . . .
2.4 Calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
.. . ... . ... .. .. .. . 11
. .. .. .. .. .. ... .. . 15
.. . ... . ... .. .. .. . 15
. . . . . . . . . . . . . . . . . 17
. . . . . . . . . . . . . . . . . 19
. . . . . . . . . . . . . . . . . 23
. . . . . . . . . . . . . . . . . 30
.. . ... . .. .. ... . .. 33
. . . . . . . . . . . . . . . . . 36
. . . . . . . . . . . . .. . 39
.. . ... . ... .. .. .. . 39
. .. .. .. .. .. .. .. .. 42
. . . . . . . . . . . . . . . . . 45
. . . . . . . . . . . . . . . . . 50
.. .. .. . ... .. .. .. . 52
.. .. .. .. .. .. .. .. . 57
.. . ... . ... .. .. .. . 58
91
.. . 91
.. . 94
98
... 106
2.4.1 Alternative assumptions and discussion . .......... . .... 112
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ... 115
3 Equilibrium Unemployment in a Generalized Search Model 117
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
3.2 Baseline M odel .................................. 120
3.2.1 Environment ............................... 120
3.2.2 Equilibrium Characterization ................... ... 123
3.3 Model With Continuous Employment ................... .. 131
3.3.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 131
3.3.2 Equilibrium Characterization ................. ..... 137
3.4 Response to Productivity Shocks: A Calibration ............... 145
3.4.1 M otivation ................................ 145
3.4.2 Calibration . .. .. . . .. . ... . . .. . .. . .. .. .. . . .. . 148
3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ... 151
3.6 Appendix ..... .............. ................ .. 153
List of Figures
1-1 Piecewise continuity of h(m, w) and the zero-profit locus . . . . . . . . . . .
1-2 M ultiple equilibria ................................
1-3 Welfare in the efficient allocation and in the equilibrium with wage posting
1-4 Welfare under wage posting relative to the efficient allocation . . . . . . . .
1-5 The single crossing property ...........................
2-1 Steady-state distribution of firm sizes . . . . . . . . . . . . . . . . . . . . . .
2-2 Queue lengths by firm size ............................
2-3 Signing bonus by firm size ............................
2-4 Estimation of steady-state unemployment elasticity . . . . . . . . . . . . . .
Steady state density function g(n) . . . . . . . . .
Wage, marginal product, and outside option . . ..
Equilibrium determination ..............
Response to a positive productivity shock . . . . .
. . . . . . . . 136
. . . . . . . . 139
. .. .. .. . 143
. . . . . . . . 145
26
27
35
36
54
108
109
109
111
3-1
3-2
3-3
3-4
List of Tables
2.1 Parametrization and sources ................... ........ 107
2.2 Sensitivity to returns to scale in pi(.) . .................. ... 114
3.1 Parameters and equilibrium values of key endogenous variables ....... 150
3.2 Elasticity of responses to productivity shocks . ................ 151
Chapter 1
Competitive Search, Efficiency, and
Multi-worker Firms
1.1 Introduction
Job creation and wages vary systematically across firms. For example, among US manu-
facturing firms, gross job creation rates are highest at small firms and at young plants.1
Wages are positively correlated with establishment size, while faster growing firms pay
higher wages.2 However, in standard models of frictional labor markets which do not sub-
stantially distinguish between firms and jobs, such patterns cannot readily be discussed.
In this paper, I study a directed search model of the labor market in which firms can pro-
ductively employ multiple workers. Adding such a hiring margin provides a framework for
investigating the dynamics of wages and of firm sizes, and allows a deeper understanding
the effects of labor market frictions on the economy.
A major focus of the paper is the question of efficiency of the decentralized search
equilibrium when firms face a non-trivial hiring decision, and my results suggest a rein-
terpretation of more familiar efficiency results. In a simple labor market search economy,
there are three decisions for which private and social incentives must be equal in order for
the equilibrium to be efficient: the application decision of workers and the entry and hiring
decisions of firms. In the competitive search equilibrium paradigm (Montgomery, 1991;
Peters, 1991; Moen, 1997; Shimer, 1996) job-seekers direct their search to wages posted
'Davis and Haltiwanger (1992); Davis, Haltiwanger, and Schuh (1996).
2Davis and Haltiwanger (1991); Layard, Nickell, and Jackman (1991); Katz and Summers (1989).
by firms, and trade off higher wages with lower probability of employment at that wage.
In the standard environment in which firms wish to hire only one worker, their decision
about how many workers to hire from their applicant queue is trivial, and efficiency is en-
sured through the competitive behavior of firms, together with a zero-profit condition to
ensure efficient entry. This efficiency result has been shown to be robust under a variety of
extensions of the model.3 The intuition derived from these models is well summarized by
Shimer (2005b), who writes '[i]t is by now well-known that a competitive search equilibrium
maximizes output, essentially by creating a market for job applications.' (p. 43).4
In the presence of an ex post hiring margin, however, the contracts that firms post must
play a dual role. Workers decide where to direct their search according to the expected
return from applying to a particular contract, while once applications are made, a firm's
commitments under its posted contract govern its hiring decisions. I show that if firms
post a wage which they commit to pay all applicants conditional on hiring then the two
roles the wage must play are in conflict. For the firm's entry decision to be efficient, the
expected value ex ante (that is, before applicant queues are realized) of the firm's wage
payments, divided by the number of applications it attracts, must equal the marginal social
value of an additional application. For the hiring decision to be efficient, the wage must
equal the marginal social value of an additional unemployed worker. In general, these two
requirements cannot both be satisfied.
More generally, whether the decentralized equilibrium is efficient depends on the types
of contracts to which firms can commit. There are other contracting environments that can
decentralize the efficient allocation. If firms can commit to pay their workers in such a way
that the marginal cost to the firm of hiring another worker can be determined separately
from the ex ante value of the 'wage lottery' that the worker receives when she applies to the
3For example, the efficiency result is robust to allowing ex ante investments (Acemoglu and Shimer,
1999b), to risk aversion of workers (Acemoglu and Shimer, 1999a), and, in a closely related setting, to
allowing firms and workers to be heterogeneous (Shi, 2001, 2002; Shimer, 2005a).
4There is also an extensive literature on the efficiency properties of decentralized frictional labor markets
in which search is not directed. In general, equilibria in such models are not constrained efficient. The
predominant modeling tradition, following Diamond (1982b), Mortensen (1982), and Pissarides (1984), con-
siders the case where wages are bargained after a meeting between a worker and a firm has occurred. In this
setting, efficiency requires a condition on the parameter measuring the generalized Nash bargaining power of
workers in their wage bargaining with firms (Hosios, 1990); there is no force in the model that suggests that
this condition should hold. In more general settings with wage bargaining (for example, for the case with
ex ante investments, see Acemoglu, 1996; Masters, 1998; Acemoglu and Shimer, 1999b), it may be that no
equilibrium allocation with wage bargaining is efficient. My paper identifies a different source of inefficiency
in a different modeling tradition from these papers, since I focus on the hiring margin and not on entry or
investment.
firm, then the equilibrium will be efficient. This can be implemented if the firm can commit
to a wage schedule {wl, w2,...} so that if it decides to hire k of its applicants ex post, then
these workers are paid {wl, w2,..., Wk}. Alternatively, if the ex post hiring margin is made
trivial, then efficiency can also be obtained. This occurs either if the firm can commit in
advance to how many workers it is willing to hire, or if firms pay all applicants directly and
do not pay wages (which are necessarily paid only when an applicant is hired). However,
contracts of this nature have both theoretical and empirical drawbacks.
The gain in efficiency from more flexible wage posting contracts motivates study of a
dynamic version of the model. In this setting, firms gain the flexibility to alter the wage
they post as they grow. I show that this is sufficient to restore the efficiency of simple
contracting environments: as the duration for which firms commit to a contract becomes
small, the equilibrium under wage posting becomes asymptotically efficient. This result
suggests that variation in the length of time for which contract offers are posted is important
for explaining why different types of contracts are posted in different labor markets. For
example, it may explain why very different contracts are posted in different labor markets,
such as the markets for highly-skilled workers and for day labor.
In the static model, I show that the welfare cost of inefficiency under wage posting,
measured as the percentage decrease in welfare relative to the efficient allocation, is non-
monotonic in the vacancy to unemployment ratio. When the labor market is not tight,
wages tend to be low, which reduces the probability of a firm receiving an applicant which
it is not willing to hire at its posted wage. When the market is tight, few firms receive more
than one applicant, which reduces the importance of the hiring margin and its associated
inefficiency. This means that the inefficiency is highest at intermediate levels of labor market
tightness.5
Finally, the model also provides a framework for investigating the relationship of wages,
firm size and growth, labor market frictions, and the firm's production function. In the
static model, I show that the form taken by labor market frictions affects the optimal firm
scale: under urn/ball-type frictions, larger firms can be favored even when the underlying
production function exhibits constant returns to scale. However, if the function relating
the average queue length to the average number of applicants per firm exhibits decreasing
5Labor market tightness is an endogenous variable; however, in equilibrium it decreases with the cost of
entry for firms, so that the formal statement of the nonmonotonicity result allows this cost to vary.
returns, this conclusion can be reversed. In the dynamic model, I investigate within-firm
wage dynamics; in the case when the firm's production function is concave, I provide con-
ditions that ensure that the posted wage is decreasing in the number of the workers already
hired by the firm, just as the marginal product is. This is despite the fact that firms have
two instruments with which to provide utility to applicants: wages, and the probability of
hiring. In equilibrium, firms with fewer workers already hired choose to pay higher wages
in order to increase their queue lengths; this is optimal because the marginal product of
the workers they hire is higher in expectation. The model provides a framework for further
research into the relationship between within-firm constraints on wage setting, labor market
frictions, and firm growth, which is impossible to investigate in the benchmark model where
the notions of 'firm' and 'job' are not distinguished.
Although it has not been the main focus of the literature, a few other authors have
studied models of frictional labor markets in which firms face a hiring margin. An important
example is Shimer and Wright (2004), who study a static model in which workers differ in
their marginal disutility of labor, so that some workers are more willing to supply effort
than others. In their model the contracts offered in equilibrium take the form of a posted
wage, together with a posted severance payment, and are therefore reminiscent of the wage
posting contracts I consider. However, the focus of their paper is on characterizing optimal
contracts in the presence of asymmetric information, and not on the hiring inefficiency I
study: for them, the relevant hiring margin is which workers to hire, and not how many.6
There are a few papers that consider search models in which firms with concave produc-
tion functions wish to hire multiple workers. In the 'islands' model of Lucas and Prescott
(1974), firms have production functions that are concave in the number of workers employed,
but wages are determined competitively on each island and the friction lies in the move-
ment of workers from island to island in response to shocks, rather than in the allocation of
workers to firms within an island. Bertola and Caballero (1994) and Bertola and Garibaldi
(2001) consider the pattern of growth of firms that have a concave production function in
a model where hiring takes time, due to the search process of workers, but is deterministic
at the firm level. On the positive side, their goal is similar to mine, but they do not focus
on efficiency or on the hiring margin; in addition, their modeling framework is different in
that search is not directed and wages are determined by Nash bargaining.
6Guerrieri (2006) studies a related model in a dynamic setting.
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The remainder of the paper is structured as follows. Section 1.2 introduces a static
model and establishes the basic efficiency result along with some interesting comparative
statics. Next, in Section 1.3 I show that the intuitions from the static model hold also in a
dynamic setting. Section 1.4 concludes. All technical proofs are in the Appendix.
1.2 Static model
1.2.1 Environment
There is a continuum of mass 1 of workers and a large continuum of firms. There is an
entry cost of c for firms to become active and enter the labor market. All active firms have
access to a production technology that produces a final good with labor as the only input;
the production function is denoted x(m), where m is the number of workers employed by
the firm. I assume that x(.) is nondecreasing and bounded and that x(0) = 0. There is a
competitive market in the final good and its price is normalized to 1.
I shall generally assume that the production function x is concave in m. However, it is
sometimes convenient to consider the case where the production function is a step function;
specifically, where
x(m) = X S(m) = 'n m ;n (1.1)
m < n.
Both these cases are natural economic examples. The case of a production function concave
in a single input is standard and does not require motivation. The step function example can
be thought of as modeling a firm whose technology requires a production plant of fixed size;
this plant requires a certain number of workers to produce, and more workers are useless.
It is a natural generalization of the Leontief technology assumed in matching models where
a firm wishes to match with a single worker. The parameter n can be thought of as 'plant
size'. Note that this functional form exhibits constant returns to scale in (n, m).
The economy is subject to a coordination friction in the labor market, which takes the
form of the inability of individual workers to coordinate on applying to different firms. Each
worker can apply to at most one firm; because of the coordination friction, there will be
some firms to which many workers apply and some firms to which few apply. The only
characteristic of firms that can be observed by workers is the employment contracts they
offer. In other words, firms post a contract C chosen from some space D, and commit to hire
workers and pay them wages as specified in the contract. Workers observe these contracts
and direct their applications to those firms offering a particular contract; they are unable
to condition their application decisions on any other information about particular firms. 7
I consider the precise nature of contracts and the commitment powers of firms in Section
1.2.3.
If a mass of q workers direct their applications to a unit mass of firms that post identical
contracts, then for each m = 0, 1, 2,..., the mass of firms who ex post receive applications
from precisely m workers is denoted f(q, m). I assume for simplicity that f(q, m) > 0 for
all q and m, and that f is twice differentiable with respect to q. I require that, for each
q > 0, f(q, -) be a probability distribution over N; that is,
m=O
Denote by p(q) the number of workers that succeed in applying to some firm:
mf (q, m) = pj(q). (1.3)
m=O
I assume that p is continuously differentiable, strictly increasing, and weakly concave, and
that 0 < p(q) < q for all q > 0. If I(q) - q, I say that there are pure coordination frictions.
A canonical example in this case is if all workers submit their applications independently
and are equally likely to submit their application to each firm; in this case it is well known
that f(q, mn) = e-.qm is a Poisson random variable. If p(q) < q for some q then I say
there are matching frictions; in this case the canonical example is f(q, m) = -- e- (q) L(q)m .
Denote by g(q, m) = El>m f(q, 1) the probability that a firm gets at least m applications.
I also assume that g(q, m) is non-decreasing in q for each m E N. This assumption ensures
7There are well-known conceptual difficulties with defining equilibrium concepts in markets with continua
of agents on both sides. It is beyond the scope of this paper to justify formally the assumptions on the search
and matching technology as the limit of economies with finitely many agents on each side of the market.
Peters (1991) provides a justification of the reasonableness of the technology in a similar environment;
however the environment he considers is simpler than that in the current paper, in that agents wish to trade
only a single indivisible unit.
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that the queueing function is well-behaved, in the sense that expected output, defined by
00
V(q) = x (m)f(q, m) (1.4)
m=O
is continuous and non-decreasing in the queue length q.8
Workers are risk neutral. A worker who is not employed by a firm receives no wage
payment; the value of leisure is normalized to 0.
An allocation in this economy consists of a tuple {C, v, R', q}, where
* C C D is the set of contracts offered by firms;
* v E 1B(D) is a measure on D with v(D \ C) = 0 such that for each C' C C, the mass of
firms offering a contract C E C' is given by v(C');9
* H• :N x D 3 N is the set of hiring decision h(m, C) of firms; and
* q: -- R+ is the (v-measurable) function mapping contract offers to queues.
Note if C E D \ C then q(C) is not observed; rather in equilibrium this is the queue length
that a firm believes that it would attract were it to deviate and offer C.
An allocation is feasible if the number of workers required to form the specified queues
does not exceed the population:
f q(C) dv(C) < 1. (1.5)
1.2.2 The efficient allocation
I now characterize efficient allocations in this economy. I assume always that the anonymity
constraints that govern the activities of workers and firms also apply to the planner; thus
the planner can only direct workers' applications to specific contracts and not to specific
firms. However, from the point of view of maximizing total output, the role of posted
contracts is only to allow workers to direct their search to particular firms, since output
is not affected directly by transfers, and it is always efficient for firms to hire all workers
that apply to them. Therefore it is irrelevant for characterizing efficiency to specify exactly
8For a proof, see Lemma 1.6 in the Appendix.
9To reduce the notational burden, I have omitted notation for the o-algebra of measurable subsets of ).
All of the examples I will consider in the sequel are isomorphic to closed subspaces of Rn for some n E N; in
this case, I assume that v is a Borel measure.
what wage contracts firms can post, and so it is sufficient to allow the planner to divide
firms into different groups indexed by q such that a mass q of workers applies for each unit
mass of firms indexed by q. The planner chooses the mass v(q) of firms for each q.10 This
shows that the planner's problem can be characterized as follows.
Proposition 1.1. The constrained Pareto optimal allocation solves
max -c + x(m)f(q,m) dv(q) (1.6)
V(-) o m=O
subject to
jq dv(q) • 1.
Any optimal v places mass only on the set of q that solve
max - c + x(m)f(q, m) . (1.7)q>0 q =
The formal proof of this Proposition, and all other technical proofs in the paper, can
be found in the Appendix. The proof uses first uses the assumptions made in Section 1.2.1
about the matching function to restrict v to be supported on a compact set of q bounded
away from 0, and then relies on the fact that on this set the maximand in (1.7) is continuous
so that the maximum is finite and is attained. Note that (1.7) is an expression for social
welfare in the case that the planner chooses the same q for every firm.
To characterize the social optimum more precisely, observe that by Proposition 1.1, there
is a unique optimal value of q if and only if (1.7) has a unique maximum. The following
Lemma provides conditions under which this is true.
Lemma 1.1. Suppose that there is a d > 0 such that the expected production function 0 is
convex on [0, d] and concave on [d, oc). Then there is a unique q that solves (1.7).
The intuition for this result is that if O is concave, then according to Jensen's inequality,
the social planner should choose the same q for every firm. If 0 is convex on [0, d] and
concave on [d, oo], then it is optimal for the planner to choose the same q for each firm for
10More formally, rather than choosing both the measure v defined on the space of contracts D together
with the queueing function q : V -* R + , it is equivalent to allow the planner to choose the composition
q o v directly. By an abuse of notation I denote this in the text also by v. I note also that the planner can
implement this using symmetric mixed strategies for each worker if desired; thus the anonymity restrictions
on the planner are respected by this formalism.
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which q is positive (and zero for other firms); since it is not optimal to pay the entry cost
c for firms to which queues of length 0 are assigned, this assumption on 4 is sufficient to
ensure that all active firms in the social optimum are assigned the same q.
It is of interest to define conditions in terms of the primitives x and f that ensure that
the function b defined in (1.4) is concave. Two alternative cases for which this is true are
given in the following result.
Example 1.1. In either of the following cases, at the optimum, all firms have the same
queue length, q.
(a) x is strictly concave and q H -M=O g(q, m) is strictly concave in q for all n > 1.
(b) x = xS is a step function and q H g(q, n) is convex in q on some interval [0, d] and
strictly concave in q on [d, oo).
In the Poisson case, where f(q, m) = e- m the condition in (a) is satisfied; the
condition in (b) is satisfied if in addition q p(q) 1 - ,q¶) is nondecreasing in q and
limq-oo p(q) = oo. The latter two conditions are satisfied if I(q) - q (that is, in the case
of pure coordination frictions), or if ti(q) = 1 - e-q, for example.
Recall that g(q, m) is the probability that a firm receives at least m workers when its
queue length is q. The conditions on g in Example 1.1 are 'regularity' conditions that require
that as q increases, the distribution of the additional applications occurs in a way that is
not too pathological. For example, it is easy to check that Em=o g(q, m) is the number of
workers from the mass q of applicants that are among the first n to arrive at their firm.11
When the production function is concave, so that the marginal product of additional workers
is decreasing, the condition in (a) ensures that as q increases, an increasingly larger fraction
of the mass q of applicants end up at the less productive jobs. It rules out cases where
the distribution of applications to firms is too far from the independence assumption that
underlies the benchmark Poisson case.
1.2.3 Contracts and equilibrium
I now turn to describing the employment contracts to which firms can commit. Recall
that a firm commits to a contract C and workers direct their search to contracts. After
11Formally, there is no notion of 'order of arrival of workers' in this static model. It is equivalent, if more
long-winded, to say that this sum represents the number of workers whose marginal product is at least as
high as x(n) - x(n - 1).
worker queues are realized, the firm decides, subject to its commitment to C, how many
workers to hire and what to pay them. However, I have not yet specified what the contract
C can contain, and I now turn to this. In this subsection I allow the firm to commit
essentially to arbitrary contracts and define competitive search equilibrium. I show that if
the contracting environment is sufficiently rich, in the sense that firms can commit in the
contract C to a sufficiently rich set of payment and hiring behavior as a function of the
number of applicants that show up at its door, then there is a competitive search equilibrium
that decentralizes the efficient allocation. If the contracting environment is more restricted,
and the efficient allocation cannot be achieved, then in general an equilibrium need not
even exist. However, in Section 1.2.4, I consider a natural example where the contracting
environment is extremely restricted, in that firms can commit only to a single wage, and
show that a competitive search equilibrium exists but is not efficient in general.
The most general contracting environment of interest would allow contracts C that
specify, as a function of the number of applicants m that arrive at the firm, commitments
as to how many workers will be hired by the firm and what payments will be made to workers
and to non-hired applicants. More formally, in the most general contracting environment
of interest, a contract C consists of two functions X : N -ý 2N and W : N2 - R+, so
that if the realized number of applicants is m, then the firm commits to hire some number
h E X(m) of its m applicants and to pay a total of W(m, h) to the workers it hires.12
Having posted such a contract C, and after the stochastic queueing of workers has been
realized, the firm attracts exactly m applicants for some m E N. Then, according to its
contractual commitments, the firm chooses h E X(m) n {0, 1,..., m} to maximize its profit
(given by x(h) - W(m, h)). It then makes the payment W(m, h) to its hired workers and
applicants. 13
12Recall that 2N denotes the power set of N; that is, the set of all subsets of N.
13Note that according to the anonymity constraint, all applicants to a firm receive in expectation an equal
share of the firm's payment W(m, h). It follows that formally richer contracts that specify rules for the
distribution of W(m, h) among the firm's h hired and m - h non-hired applicants do not affect the queueing
behavior of workers in equilibrium, and therefore allowing such contracts does not affect welfare ex ante; it
only changes the expected distribution of income across workers, and not the expected level. It is likewise
clear that allowing W(m, h) to be a lottery that depends on a publicly-observable random variable also has
no effect on equilibrium welfare.
On the other hand, one might think that allowing firms to make the payment W depend on the queue
length q that their posted contract C attracts could have an effect on the equilibrium (for example, it might
allow coordination that would not otherwise be achievable). However, I do not consider this case due to
a standard conceptual difficulty with allowing such strategies. Firms do not directly observe q, although
they can deduce its value in equilibrium. If the firm's choice of W depends on q, then in effect the firms's
strategy becomes a function of the (equilibrium) strategies of other players, which does not make sense in a
111 __··Ll·11
More generally, it is also interesting and realistic to consider cases where firms are not
able to commit to such complicated contracts as those mentioned in the previous paragraph.
For example, in Section 1.2.4, I will consider in detail the case where firms can post only
a single wage, and commits to paying any workers it hires w each, without making any
commitment ex ante about how many workers it will hire. In the notation of the previous
paragraph, this amounts to the restriction that W(m, h) =_ wh for some w > 0, while
X(m) = N for all m. I consider some other alternative contracting environments of interest
in Section 1.2.5.
Having characterized the contracting environment, I can now define competitive search
equilibrium.
Definition 1.1. A competitive search equilibrium is a feasible allocation {C, v, 71, q} and a
utility level U that satisfy
(a) Optimal Hiring: for all m E N, C E D, and h E {0, 1,..., m} n X(m),
x(h(m, C)) - W(m, h(m, C)) > x(h) - W(m, h); (1.8a)
(b) Profit Maximization and Free Entry: VC E D,
00
- c + E [x(h(m, C)) - W(m, h(m, C))]f (q(C), m) 0 (1.8b)
m=O
with equality if C E C;
(c) Optimal Application: VC E D, either
q(C) > 0 and q( E W(m,h(m,C))f(q(C),m) = U (1.8c)
or
0o
q(C) =0 and limsup 1 W h(, m,C))f(q, m) U; (1.8d)
q-,0+ q m=O
where
U = max {O, s q ( W (m, h(m, C))f (q(C), m) . (1.8e)
simu q(aneous-)>o q(C)moe ga e.
simultaneous-move game.
Condition (a) of Definition 1.1 ensures that after the firm's queue of m workers has been
realized, the firm chooses to hire that number h of them that maximizes profits, subject to
the commitment that it hire some number of workers in the set X(m) and make the payment
W(m, h) specified in the contract. Condition (b) requires that firms post contracts so as
to maximize profits, taking into account the queue length a posted contract C will attract
in equilibrium, and allowing for its own ex post hiring behavior, as given by h(m, C).14
The equilibrium is competitive in the sense that the firm assumes that its own posting of
the contract C does not affect the equilibrium relationship between contracts and queue
lengths, q(-). Condition (c) insists that workers only apply to firms at which their expected
payment is maximized in equilibrium. The form of the definition is analogous to that in
Acemoglu and Shimer (1999a).
Without assuming more structure on the set of contracts D, it is in general not possible
to make any statements about the nature of the equilibrium. Indeed, there need not be an
equilibrium. If there is an equilibrium, it is not in general true that the utility of workers is
maximized subject to the zero-profit constraint of firms, as is true under wage posting by
Proposition 1.3 in the next subsection. There can be multiple equilibria, and it is possible
that these can be Pareto-ranked. 15 However, if the contracting environment D contains a
14As already noted, if C is not a contract posted by a positive mass of firms in equilibrium, then q(C) is
not observed in equilibrium. Thus, Definition 1.1 incorporates the appropriate notion of subgame perfection
for this environment. To view Definition 1.1 as describing a game, there is a difficulty that deviations by
single firms or workers have no effect on the payoffs of other agents, since the deviating agents have zero
mass. More formally, the equilibrium concept considered here may be viewed as describing the limit of
subgame perfect equilibria in games with successively larger finite numbers of players; the issues arising are
similar to those considered by Peters (1991).
15Note that the existence of inefficient equilibria is sensitive to the precise definition of the equilibrium
concept. Under the implementation of competitive search equilibrium using market makers (Moen, 1997),
it can be shown that in any equilibrium, any contract posted by firms maximizes workers' utility subject to
firms making zero profits. The intuition for the difference is that the market-maker can choose the queue
length associated with a contract C, while under the equilibrium concept in Definition 1.1, the queue length
must only satisfy an equation relating the terms of the contract to equilibrium utility U. If profits are not
monotonically increasing and worker utility is not monotonically decreasing in the queue length, then the
two definitions of competitive search equilibrium are not equivalent.
It is possible to construct an example economy in which there are two equilibria, one of which Pareto
dominates the other. There are pure Poisson coordination frictions: f(q, m) = e-qqm/m!. The entry cost for
firms is c = (e2 -7)/2 ; 0.19. The production function satisfies x(1) = e(c+1.1) ~, 3.52, x(2) = e2/2 ~ 3.69,
and x(m) = x(2) for m > 2. There are precisely two contracts in the set ~D. The first, C1, is given by
W(m,h) = m and X(m) = {0) for m = 0,1 and X(m) = {2} for all m ) 2. The second, C2, is given
by W(m, h) = 1.1 and X(0) = {0} for m = 0 and X(m) = {1} for all m ; 1. One can check that a firm
posting contract C1 and attracting queue length q makes profit -c + (1 - e - q - qe-q)x(2) - q, which is
negative for all q 5 2 and equal to zero for q = 2. Moreover, for any q, the expected payment to applicants
is - •0 mf(q, m) = 1. Also, a firm posting contract C 2 and attracting queue length q makes profit
-c + qe-qx(1) - 1.1. This is negative for all q - 1 and zero for q = 1. Moreover, the expected payment to
applicants is 1.1/q.
It is now easy to check that there are two equilibria, in one of which only C1 is posted and in the other
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contract C* such that for the efficient queue length q*, the allocation where all firms post
C* and attract a queue length of q* decentralizes the efficient allocation, then this allocation
is an equilibrium. This is the substance of the following Proposition.
Proposition 1.2. Suppose there exists a contract C* E D and a queue length q* > 0 such
that
(a) for each m E N, x(h(m, C*)) = z(m);
(b) q* solves
max- -c+ x(m)f(q, m)1
q>0 q
(c) and firms make zero profit:
00
-c+ [X(m) - W(m, m)]f (q*, m) = 0
m=0
Then there is an equilibrium in which all firms post C* and attract queue length q*.
1.2.4 Wage contracts
I now describe a benchmark contracting environment in which firms can commit only to
a single wage which they promise to pay any worker that they hire. I focus on these
contracts, which I call wage contracts both as an interesting benchmark, and for the sake of
concreteness. Wage contracts are also empirically relevant; one often sees job advertisements
that take the form of a commitment to pay an announced wage to any worker hired. In
Section 1.2.5 I will consider alternative contracting environments.
Under a wage contract, I assume that firms can commit only to offer a wage, not to the
number of workers they hire at that wage. (That is, the contracting space D is just R+ ,
the set of possible wages w.) If a firm receives sufficiently many applications ex post that
the wage w exceeds the marginal product of the last worker, then some of the workers who
applied to that firm will be unemployed. That is, because of the firm's commitment to a
wage ex ante, the hiring behavior of the firm will be inefficient ex post in the sense that
of which only C2 is posted. In the first equilibrium, the average utility of workers is 1, while in the second
it is 1.1. To check that the equilibrium in which only C1 is posted is an equilibrium, observe by Optimal
Application that in equilibrium, q(C2) = 1.1, but at this queue length, it is not profitable for firms to enter
and post the contract C2.
the firm would be willing to hire additional workers at a lower wage, and they would be
willing to be employed by the firm at this wage. In general, this implies that competitive
search equilibrium with wage posting will be inefficient when firms have a strictly concave
production function. However, in models in which firms wish only to hire one worker, in
equilibrium no active firm would offer a wage at which it was unwilling to hire the first
worker that applies, so that no inefficiency arises.
It is useful to introduce some notation that is specific to the wage posting case. First,
since a contract consists of a single wage, I denote a generic contract by w rather than
C. Denote by h(m, w) the number of workers that a firm posting wage w and receiving
m applicants hires according to Optimal Hiring. Denote by p(q, w) a worker's probability
of employment conditional on applying to the wage w, when a mass q of workers also do
so (per unit mass of firms offering w), and when the firms posting w each use the optimal
hiring rule h(., w). Equating the number of workers hired with the number of hires made
by firms establishes that if q > 0 then
p(q, w) = h(m,w)f(q,m); (1.9)
m=O
p(O, w) is not well-defined. The total payment the firm makes to its applicants is given by
W(m, h(m, w)) = wh(m, w); the expected payment received by an applicant is given by
wp(q, w).
Note that when the production function x(-) is concave, the optimal hiring policy
h(m, w) can be characterized by h(m, w) = min {m, min [11 x(l + 1) - x() < w]}. This fol-
lows immediately from the decreasing marginal product of additional workers. In the step
function case, it is apparent that
hS (m,w) = in ifm > n and w 1; (1.10)
0 otherwise.
The definition of an competitive search equilibrium with wage posting is simply a spe-
cialization of the more general definition (Definition 1.1 above). Restricting the contracting
environment to wage posting allows me to establish for a broad class of production functions
that an equilibrium exists and that in any equilibrium, the utility of workers is maximized
subject to the constraint that firms make non-negative profits.
Proposition 1.3. Suppose the production function x is strictly concave and the function
q - m=1 g(q, m) is strictly concave in q for each n ) 1. Then a competitive search
equilibrium with wage posting exists. The equilibrium values of w and q at all firms that
enter solve
max wp(q, w) (1.11)
w,q
00oo
s.t. c = [x(h(m, w)) - wh(m, w)]f (q,m).
m=O
or equivalently
max- [-c + x(h(m, w))f (q, m) (1.12)
q,w q =
m=000
s.t. c= [x(h(m,w)) - wh(m,w)]f (q, m).
m=0
The basic idea of the proof is analogous to that of Proposition 1 in Acemoglu and Shimer
(1999a). The intuition is clear: if there is a wage and an associated queue observed in
equilibrium for which wp(q, w) is not maximized (among the set of (w, q) associated with
active firms in the equilibrium), then workers can gain by applying to different firms. On the
other hand, if firms are making positive profits, then they can be undercut by entrant firms
offering slightly higher w. Under the concavity assumptions on the production function
and queueing function in the statement of the Proposition, one can check that this will be
a profitable deviation. The other technical difficulty in the proof lies in establishing the
existence of the maximum in (1.11); this is a problem since p(q, w) is not continuous in w.
Proposition 1.3 allows an equilibrium to be depicted graphically. Figure 1-1 shows an
example. The zero-profit condition for firms and the worker's indifference curve are graphed
in (p, w)-space. The concave downward-sloping dashed curve at the top right of the figure
is the indifference curve; the broken line below and tangent to the indifference curve at
(p*, w*)is the zero-profit locus. The former is downward sloping (in fact, since workers
are risk neutral it is a rectangular hyperbola). The zero-profit locus is not continuous in
(p, w)-space in general. The reason for this is that at a wage at which the firm is indifferent
between hiring an additional worker or not (that is, if w = x(m) - x(m - 1) for some m),
b.0
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Figure 1-1: Piecewise continuity of h(m, w) and the zero-profit locus
workers gain by a strictly positive amount if the additional worker is hired. Therefore the
zero-profit locus of firms is discontinuous at such w in (p, w)-space.
In Figure 1-1, the equilibrium allocation is located at a tangency point of the indifference
and zero profit loci. Due to the discontinuity of the zero-profit locus, and in contrast to the
uniqueness result of Lemma 1.1 for the social optimum, it is possible that the equilibrium
allocation is characterized by multiple (q, w) pairs even when the production function x
is concave in m and when f is such that the hypotheses of Lemma 1.1 are satisfied. It
is therefore possible for the indifference curve of workers to be tangent to it twice, once
at a point of discontinuity. Figure 1-2 shows such a situation. There are two equilibria
where all firms use the same pure strategy, one in which all firms post w* and one in which
all firms post w*; there is also a continuum of mixed strategy equilibria where firms mix
between these two."1 However all agents in the economy are indifferent ex ante between all
such equilibria so the multiplicity of equilibria does not affect welfare. Moreover, it is not
16Since only the aggregate number of workers applying to each wage affects workers' expected utilities and
firms' expected profits, there is also a multiplicity of equilibrium strategies for workers which differ only in
which workers apply with what probabilities to which wages, while preserving the aggregate quantities.
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Figure 1-2: Multiple equilibria
difficult to show that for generic production functions, the equilibrium is unique.
Proposition 1.1 and Proposition 1.3 provide characterizations of the social optimum
and of the equilibrium that allow the two to be compared. In particular, I can give a
partial characterization of the conditions under which the equilibrium decentralizes the
social optimum. The following two corollaries show that the conditions for efficiency to
obtain are quite strong. First, a necessary and sufficient condition for efficiency of the
equilibrium is that the firm should be willing to hire any worker with positive marginal
product who has arrived at its doors after realization of the stochastic application process.
Corollary 1.1. Suppose the production function x is strictly concave and the function
q - M=1 g(q, m) is strictly concave in q for each n , 1. Then the equilibrium allocation
is efficient if and only if x(h(m, w)) = x(m) for all w offered by a positive mass of firms in
equilibrium.
The proof is immediate from comparing the characterizations of the efficient allocation in
(1.6) and the equilibrium allocation in (1.12). Since x(h(m, w)) < x(m) for any m, welfare in
the equilibrium allocation is weakly less than in the efficient allocation; if x(h(m, w)) < x(m)
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for any m > 1, then the inequality becomes strict.
This result indicates the principle alluded to in the introduction, that conditional on
the worker and the firm making the efficient choices in any decisions that are made after
meeting, then the competitive search mechanism ensures that the application and entry
decisions that occur prior to meeting will be efficient. Thus efficient hiring ensures that also
the number of entering firms (given by v(R+)) and the application decisions of workers (that
is, the distribution of q across entrant firms) will also be efficient. If hiring is inefficient,
then in general entry will also be inefficient.
Corollary 1.1 can also be stated in an equivalent form that allows easier diagnosis of
inefficient equilibrium allocations.
Corollary 1.2. Suppose the production function x is strictly concave and the function
q -* -= g(q, m) is strictly concave in q for each n & 1. Then the equilibrium allocation
is efficient if and only if there does not exist a positive measure of firms that offer a wage
w satisfying
w > inf [x(m) - x(m - 1)] > 0.
m1l
Proof. The given condition ensures that there is an m for which the marginal product of
the mth worker is positive but less than the wage the firm has committed to offer. These
firms will not optimally choose to hire m workers, but will rather set h(m) < m - 1. Thus
the equilibrium is not efficient. O
The statement of Corollary 1.2 provides a necessary and sufficient condition for efficiency
of the equilibrium in terms of the endogenous quantities (q, w) and therefore does not
ensure that the equilibrium is ever inefficient. However, if the production function is strictly
concave, then the following Proposition provides two circumstances under which inefficiency
is guaranteed.
Proposition 1.4. Suppose the production function x is strictly concave and the function
q - M•n=1 g(q, m) is strictly concave in q for each n > 1. Then all equilibria are inefficient
if either
(i) limmoJ[(m) - x(m - 1)] = 0; or
(ii) c > 0 is sufficiently small.
_I ·
The intuition for this result is that the equilibrium allocation is inefficient if the wage
is higher than the marginal product of the mth worker for some m; this can be guaranteed
either by assuming that the marginal product can be arbitrarily low, or by reducing the
entry cost enough that competition among firms assures that the wage is high enough.
It may be surprising that efficiency does not always obtain, in view of the general belief
that a competitive search equilibrium allocation is efficient, because the mechanism for
obtaining efficiency is to price workers' applications correctly through a competitive market
for them. This is correct; however, to decentralize the efficient allocation, firms must also
make the 'correct' hiring decisions. In the standard model where firms wish to hire only
one worker each, this condition is trivially satisfied whenever the wage is less than the value
of the product of a matched firm-worker pair, which is always true if it is efficient to have
any active firms. When firms must also choose the number of workers to hire from their
applicant queues, an additional margin is introduced. If firms can commit only to offer a
single wage to all applicants, paid only conditional on hiring, then once applications have
been made, firms prefer not to hire those workers whose marginal product exceeds the wage.
It is not obvious from a comparison of Proposition 1.1 and 1.3 whether entry in an
inefficient equilibrium is generally too low or too high. (Note that in a symmetric allo-
cation, the number of firms entering is given by 1/q.) Inefficient equilibria were charac-
terized by hiring being too low, conditional on entry, but the effect of this on the entry
margin is not clear. The reason for the ambiguity is that the social planner's marginal
benefit from increasing the queue length q is an increase in the net production per firm,
m0 =o (m)f(q, m), while for the private firm, increasing q ceteris paribus increases profit
net of wages, m=o[x(h(m, w)) - wh(m, w)]. For a given wage w, the ex post profit func-
tion m ý x(h(m, w)) - wh(m, w) is both lower for each m, and differently shaped (if x is
concave then the profit function is also less concave). The first effect tends to lead to lower
queue lengths (that is, more entry) in the equilibrium; the second is ambiguous but can
lead to higher queue lengths. In general, the equilibrium q is likely to be inefficiently low
(and therefore entry is inefficiently high), but if entry costs c are sufficiently high and the
production function is sufficiently concave, then it is possible for equilibrium queue lengths
to be inefficiently high, that is, for entry to be inefficiently low.
Thus far in this section, I have restricted attention to the case where the production
function x is strictly concave. When the production function takes other forms, it can be
that wage posting decentralizes the efficient allocation. An example is given by the following
Proposition.
Proposition 1.5. Suppose that x is a step function (that is, x = xS for some n > 1). Then
there exists an efficient equilibrium with wage posting.
The intuition here is that an efficient equilibrium can exist if the hiring margin is trivial.
In the case of a production function that is a step function, this is so: for a given wage,
either the firm wants to shut down or else hire exactly n workers if it receives at least that
many. Note that this result includes the familiar result (Moen, 1997; Shimer, 1996) that
in the case where firms can productively employ only one worker, so that x = x1, then
competitive search equilibrium is efficient."1
1.2.5 Alternative contracting environments
In the previous subsection, I showed that competitive search equilibrium under wage
posting is generally inefficient. It is therefore of interest to consider alternative, richer
contracting environments under which an efficient competitive search equilibrium exists. It
follows immediately from Proposition 1.2 that if the contracting environment is rich enough
to allow the firm to commit in advance to behave efficiently after its applicants arrive, then
efficiency can obtain in equilibrium. In this section I investigate more natural contracting
environments that allow an efficient equilibrium.
There are three objects to which the firm could naturally commit in the contract: the
amount paid to applicants, the amount paid to hired workers, and how many workers the
firm commits to hire. I consider two possibilities for wages. First, as in Section 1.2.4,
the firm could post a single wage w and commit to paying any workers it hires w each.
Alternatively, the firm could commit to a wage vector (wl, w2,...) such that each hired
worker is paid a lottery with h equally likely prizes {w1,..., Wh} if h workers are hired.18 I
also consider two possibilities for hiring. First, it could be that the firm cannot commit ex
17To be more precise, in the case where x = xs , Moen (1997) and Shimer (1996) show that there is a
unique competitive search equilibrium which is efficient. To complete the proof of uniqueness is easy in that
particular case; for x = xz this can also be established if k : q ý- q/g(q, n) is convex and there is q > 0 such
k(q) is decreasing in q if q < q and increasing in q for q > q. The proof is available on request.
s1There is no defined order by which workers are hired in the model; however an ordering can be trivially
introduced by arranging the realized queue of m workers in order from 1 to m at random and deeming that
workers with lower numbers are hired first. This then allows the wage lottery to be implemented by paying
wl to the first worker, w2 to the second worker, and so on. Thanks to Marek Pycia for suggesting the lottery
interpretation.
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ante to hiring a number of workers, but decides how many to hire once queues are realized.
Alternatively, the firm could be able to post a number M E N U {oo} and commit to
hiring min{m, M) when the realized queue contains m applicants. I therefore consider the
following four contracting environments, of which the first is the wage posting environment
of Section 1.2.4.19
(A) Firms commit to a single wage w only, but do not commit to a number of workers to
be hired;
(B) Firms commit to a wage vector (wl, w2,...) such that each hired worker is paid a
lottery with h equally likely prizes {w1,... , wh if h workers are hired, but do not
commit to a number of workers to be hired;
(C) Firms commit to a single wage w and a number M, and commit to hire w and a
number M and commit to hire h = min{m, M} workers each at wage w;
(D) Firms commit to pay each applicant a fee a but do not commit to anything else.
In the benchmark competitive search model where firms wish to hire only one worker,
firms post and commit to a single wage w. Once at least one worker arrives at the firm,
the firm hires that worker and pays her w. If the wage is less than the value of production
by the firm/worker match, then it is ex post profitable for the firm to hire the worker, so it
is unimportant whether or not the firm has committed to this. If the wage is greater than
the value of production, then the firm would hire the worker only if it has committed to do
so; however no firm in equilibrium would post such a wage since it cannot make profits ex
post and therefore cannot cover the entry cost. Thus in the benchmark model, contracting
environments (A), (B) and (C) all give rise to equilibria with identical allocations, and
therefore are efficient (Moen, 1997; Shimer, 1996). (Environment (D) also leads to efficiency;
this is a special case of Lemma 1.2 below.)
In the economy considered in this paper, in which firms wish to hire multiple workers,
I established in Proposition 1.4 that the equilibrium under environment (A) is not in gen-
eral efficient. On the contrary, environments (B), (C), and (D) do lead to equilibria that
decentralize the efficient allocation.
19 Other possibilities are discussed at the end of the current subsection.
Lemma 1.2. Under contracting environments (B), (C) and (D), there exists an efficient
competitive search equilibrium.
In environment (C), efficiency is obtained by firms posting a wage and committing to
hire arbitrarily many workers at that wage. This is equivalent to environment (D), where
all applicants are paid directly for applying. Thus both lead to efficient ex post hiring by
making the firm the residual claimant on the whole value of production. Environment (B)
leads to efficiency instead by allowing firms to keep the marginal wage payment to each
additional hire less than her marginal product, while at the same time allowing the level of
the expected payment to workers to be any fraction of expected match surplus. 20
In view of the efficiency of contracting environments (B), (C) and (D), it is perhaps
necessary to justify why environment (A) is considered the benchmark. The most funda-
mental reason is that in an augmented version of the model in which worker productivity is
heterogeneous, then optimal incentive-compatible contracts can take the wage posting form.
For example, Guerrieri (2006) considers an environment in which workers are identical at
the time of application, but after an applicant arrives at a firm, a match-specific disutility
of labor is drawn which is observable only to the applicant. She shows using a mechanism
design approach that optimal contracts take the form of wage posting, and her argument
applies also to the more general setting in which multiple workers apply simultaneously.
Shimer and Wright (2004) study an environment in which workers do not observe firms'
productivity draws and firms, in turn, do not observe workers' effort choices; again the
optimal incentive compatible contract takes the form of a posted wage, together with a
severance payment.
Simpler augmentations of the model can show the non-optimality of particular contract-
ing environments. For example, suppose that workers are identical ex ante, but when an ap-
plicant arrives at a firm, a match-specific productivity shock is drawn, so that the marginal
product of the applicant is either the normal marginal product (given by x(m) - x(m - 1) if
the firm employs m - 1 other productive workers), or large and negative (so that employing
the worker reduces the value of the firm's production). The realization of the productivity
20It is interesting that while the expected value of an application is in equilibrium the same in each of
the efficient environments (B), (C) and (D), the distributions of realized payments differ substantially. In
environments (C) and (D), all applicants receive the same risk-free payment; the firm bears all the risk. In
environment (B), the realization of the worker's payment from the set {wl, w2,... . is stochastic at the time
of application. It is natural to conjecture that there may be no efficient equilibrium under environment (B)
if workers are not risk neutral; verifying this is left for further research.
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shock for each applicant is observable only to the firm, before it makes its hiring deci-
sions. Then it is easy to verify that a contract taking the form of an unconditional hiring
commitment, as in environment (C), cannot be optimal.
In addition, the empirical relevance each of contracting environments (B), (C), and (D)
is questionable. Environment (B) requires that firms can treat workers differently ex post,
but fairness concerns or internal wage structure policies may prevent this; also, contracts
of the form optimal in environment (B) are not explicitly seen in real labor markets. 21 In
addition, unless each worker's wage is public information, then there is a moral hazard
problem that the firm would like to pay all hired workers the minimal wage draw that can
arise in the wage lottery. Next, the commitment requirements of environment (C), that
firms can commit to hiring arbitrarily many workers at the posted wage even if it is not ex
post profitable to do so, seem unreasonably strong; moreover, such commitments are not
frequently observed empirically. Finally, paying workers an 'application bounty' and not a
wage as in environment (D) is unattractive for obvious moral hazard reasons.
There are also contracting environments other than (A), (B), (C), and (D) that could
potentially be considered; however, these do not lead to new results. Allowing the firm
to commit to a wage lottery and to a number of workers to be hired (a combination of
environments (B) and (C)) is a strictly richer contracting environment than either (B) or
(C) and therefore also admits an efficient equilibrium. Another possibility is to allow firms
to commit to a number of workers to be hired but not to any payments; in this case there is
a large multiplicity of equilibria depending on what wages are paid in equilibrium by firms
that have posted particular hiring commitments. This kind of contracting environment does
not in general decentralize the efficient allocation; the argument is similar to that of Menzio
(2005). A similar multiplicity result applies if firms cannot commit to anything, in which
case contract posting is exactly the 'cheap talk' considered by Menzio. 22
1.2.6 Welfare cost of wage posting
An interesting feature of the interaction of search frictions with wage posting is that the
inefficiency can be most costly at intermediate values of labor market tightness. If the
number of workers vastly exceeds the number of firms, or vice versa, then the welfare
21Bewley (1999, ch. 9) provides evidence that fairness concerns often lead to a common wage for new hires.
22Menzio (2005) considers an environment where firms wish to match only with a single worker but the
generalization to firms that wish to hire multiple workers is conceptually not difficult.
cost associated with wage posting (measured as the percentage decrease in welfare from
the efficient allocation to the competitive search equilibrium) becomes small, while for
intermediate values of labor market tightness, the welfare cost of wage posting can be large.
The fact that the welfare cost of posting wages rather than more complicated contracts
is low in some cases provides a justification why wage posting might be observed in some
types of labor markets.
The intuition for the non-monotonicity result is that when labor markets are tight (that
is, q is small), very few firms receive more than a single application; this means that the
possibility of hiring multiple workers becomes insignificant and the familiar efficiency result
from the case where firms wish to hire only one worker then holds approximately. On the
other hand, when labor markets are not tight (that is, q is large), there are two intuitions
for why the labor market friction has a low efficiency cost. First, as q becomes large, the
law of large numbers ensures that the realized number of applicants is more likely to be
within a given percentage of its mean (which is q). Second, tight labor markets are also
associated with lower wages, and this increases the number of workers that the firm can
hire before the marginal product of an additional worker becomes less than the wage.
To state the result precisely, I face the difficulty that labor market tightness is endoge-
nous. However, it is intuitive that increasing the entry cost c for firms will reduce entry,
ceteris paribus, and hence increase q and reduce the tightness of the labor market. I there-
fore consider the effect of changing c on social welfare. Denote by U*(c) the value of social
welfare in an efficient allocation. Denote by Ue(c) the value of social welfare in equilibrium.
Then I can define the welfare cost of the inefficiency by23
A (c) = U*(c) - Ue(c)a(c)= (1.13)U* (c)
Note that A(c) E [0, 1] is defined whenever U*(c) > 0; it is easy to check that this is true
whenever 0 ( c < limm~o x(m).
Theorem 1.1. Assume x is strictly concave. Then
(a) if f is such that --+ 1 as q - O, then A(c) -+ 0 as c - 0; and
23Another possible definition of the welfare cost is the difference in levels, U*(c) - Ue(c). An analogous
result to Theorem 1.1 holds for that definition of welfare cost also; in fact this follows immediately from
Theorem 1.1 since U* is bounded, and is a strictly weaker result, notably in the case when welfare converges
to 0 as c becomes large.
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Figure 1-3: Welfare in the efficient allocation and in the equilibrium with wage posting
s(q)(b) if there exists a function s : R+ -- N such that lim = 1 and for all q
q--oo p(q)
ZC=ox (m)fq(q, m) q* (c) M== 1(1.14)
x(s(q)) - x(s(q) - 1) Ip(q*(c))
then A(c) -+ 0 as c -+ limm~,o x(m).
If both assumptions are satisfied then A(c) is maximized for some c E (0, limm, x(m)).
The assumption in (a) is satisfied if f(q, m) = e- (q) with limq-+o i(q)/q = 1. The
assumptions in (b) are satisfied if f(q, m) = e-qfl and x(m) = Ama for any A > 0 and
a E (0,1).
Figures 1-3 and 1-4 provide a graphical display of the conclusions of Theorem 1.1. In
Figure 1-3, I graph the welfare in the competitive search equilibrium with wage posting and
in the efficient allocation as the entry cost c varies. The upper, dashed curve is the welfare a
planner could achieve; the lower, unbroken curve shows equilibrium welfare. It is apparent
that the ratio of the two welfare levels converges to 1 as c -- 0 and as c becomes large.
Figure 1-4 shows this conclusion more precisely by graphing the value of relative welfare,
1 - A(c) = Ue(c)/U*(c).
The intuition for condition (1.14) is that it requires that labor market frictions not be
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Figure 1-4: Welfare under wage posting relative to the efficient allocation
too severe relative to the speed at which the marginal product of labor declines as the
firm size increases. If the marginal product of labor declines very rapidly, then the welfare
loss from inefficiency can remain large even as the queue length becomes large, because
there are always a few firms that receive many fewer workers than the mean, and the fact
that these workers do not get paid their marginal product in equilibrium is an efficiency
loss that does not vanish in relative terms.24 The condition formalizes this intuition as a
relationship between the marginal product of q, after accounting for labor market frictions
and the marginal product of the production function x(.) when the number of workers m
that each firm receives is roughly equal to I(q), as it is for q large.
1.2.7 Firm size and labor market frictions
To complete the discussion of the static model, in this section I note that the nature of
labor market frictions can affect the optimal scale for firm entry. If labor market frictions
take the form of pure coordination frictions, they can provide a source of increasing returns
to scale. This favors the entry of larger firms, ceteris paribus. The intuition for this result
24 Simulation suggests that an example where this occurs is given by f(q, m) = e-qm/m! and x(m) =
1 - e-m
- ---
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is that labor markets are 'less random' for larger firms. A more precise intuition is that,
the larger the queue length q a firm wishes to attract, then when applications are made
independently, the strong law of large numbers ensures that the number of applications m
the firm receives ex post is such that m/q converges almost surely to 1 as q becomes large.
This provides a source of increasing returns to scale, even when the underlying productive
technology exhibits constant returns. As firm scale becomes large, the importance of the
labor market frictions vanishes, and the economy converges to one in which workers are
employed for sure and receive all the available surplus. On the other hand, if labor market
frictions do not take the pure coordination form, in particular, if the matching friction l is
concave, then this can provide a source of decreasing returns to scale that can counteract
this effect.
The following Proposition makes precise the intuition that under pure coordination
frictions larger firms can be favored.
Proposition 1.6. For each n E N, let (qn, wn) denote the queue length and wage in the
efficient competitive search equilibrium of the economy in which the production function
x(.) = xnS(-) is a step function (that is, x(m) = xSa(m) = nl(m > n)) and the entry cost
c = cn = ncl. If f is such that - -~ 1 almost surely as q -- oo, then as n -+ co,q
-n 1; g(qn, n) -- 1; p(qn, wn) -- 1; and wn -- I - cl.
The assumption about f holds for the Poisson case, f(q, m) = -qn
Proposition 1.6 is stated for the case of a step function technology; however this is simply
for the sake of clarity in isolating the role of returns to scale in n. Analogous results are
true for other production functions x. The intuition for the result is clear: if the queuing
function is such that the expected difference between a firm's desired number of applicants
(in this case, n) and its realized queue length q becomes small relative to its value product,
then labor market frictions become unimportant, the allocation of workers to firms becomes
efficient, and so unemployment converges to zero and workers earn the same surplus as in
the frictionless economy. The extreme nature of this conclusion could be ameliorated if
the labor market friction does not take the pure coordination friction form. For example,
suppose that p(q) = qq for some q E (0, 1), so that only a constant fraction 
€ of applicants
in fact manage to find any firm to which to apply. Then one can check that an analogous
result to that of Proposition 1.6 is true, in that welfare is increasing in n for n large; however,
in this case unemployment converges to 1 - 4 as n became large.
Note also that this result applies only to the pure coordination frictions case. If p is
sufficiently concave, for example, if pI(q)/q -+ 0 as q --+ oc, then it is not difficult to deduce
from the firm's zero-profit condition that welfare converges to zero as the scale of firm entry
n becomes large. In this case there are two counteracting effects on welfare from increasing
n: longer queues mean that the distribution of realized applicant queues m is such that the
variance of m/1u(q) decreases as q increases, and this favors larger firms; however, if Y is
concave then decreasing returns to scale in the matching technology favors smaller firms.
The question of which case is more relevant is ultimately an empirical one.
As noted, this result does not rely on increasing returns to scale in the underlying
production function x. Rather, under the stated assumption, labor market queues are 'less
stochastic' for large firms in the sense that a smaller fraction of the queues they attract are
'wasted' by being a different length than required. This has implications for the distribution
of observed firm sizes. In an augmented version of the model where firms are allowed to
choose their scale n, this provides an incentive for firms to choose n as large as possible.
Alternatively, if n is drawn randomly and firms have the option to exit or enter the labor
market at the randomly allotted scale n, then only firms with n above some threshold n will
enter. (Note that the notion of competitive search used to model labor market frictions here
requires that firms remain atomic, even as n becomes large, so this model is not appropriate
for talking about firms that are large with respect to the whole economy.)
It may appear that the fact the wages are increasing with firm scale n is supported
empirically by the well known positive correlation between firm size and wages. One should
be slightly careful in interpreting Proposition 1.6 directly as making this prediction, since
the Proposition describes a comparative static across static economies that differ in the
scale of the identical firms that populate each, while the empirical positive correlation of
firm size and wages is a comparative static in the cross section of an dynamic economy
populated by heterogeneous firms. This motivates study of a dynamic version of the model,
to which I now turn.
I
1.3 Dynamic Model
1.3.1 Environment
In the previous section, I examined a static model of an economy in which firms can produc-
tively employ more than one worker, and discussed conditions under which a competitive
search equilibrium of this economy is efficient. Considering only a single time period sim-
plifies the model, but at the same time does not allow discussion of issues such as the
growth of firms over time and the relationship of firms' hiring policies and their internal
wage structures. In addition, since the inefficiency associated with wage contracts in the
static model arises from the inability of firms to tailor their wage offers to each applicant,
one might expect that the inefficiency associated with wage posting would be reduced if
firms gain the flexibility to hire workers sequentially and adjust their wages over time. In
order to formalize these positive and normative ideas, in this section I formulate a dynamic
version of the economy.
The structure of this section is as follows. In this subsection, I introduce the dynamic
model and define an allocation. In Section 1.3.2 I write the planner's problem and charac-
terize efficient allocations. Following this, in Section 1.3.3, I discuss the equilibrium under
different contracting environments. Section 1.3.4 shows that wage posting contracts are
approximately efficient as the length of the period for which the firm commits to the wage
shrinks. Finally, in Section 1.3.5, I discuss intra-firm wage dynamics and provides conditions
under which wages decrease with the number of workers already hired by the firm.
Some aspects of the dynamic economy are analogous to the static model and therefore
I discuss them only briefly; for the details, refer to the discussion of the static environment
in the previous section.
Time is discrete. Firms and workers have a common discount factor of 3 < 1. As before,
assume that there is a continuum of mass 1 of risk neutral workers and a large continuum
of firms. Firms that are not yet active can choose in any period to pay the entry cost of c
to become active and enter the labor market. All active firms have access to a production
technology x : N - R + that satisfies the same assumptions as in the static model. There
is a constant probability A that any active firm will be destroyed at the end of the period
and its workforce returned to unemployment; the scrapping value is zero. I also assume
that contracting is at-will: that is, workers can be fired costlessly at any time, and workers
can leave the employment relationship and return to unemployment at any time. Workers
unemployed in a given period enjoy leisure whose utility value I set to zero for simplicity.25
There is again a coordination friction in the labor market. I assume that workers do not
observe any feature of firms except the posted labor market contracts, along with the number
of workers previously hired by the firm (the structure of the set of labor market contracts
that can be written will be discussed further below).26 There is a queueing function f that
gives the probability that a firm will receive precisely m applicants given that a mass of
q workers apply to a mass 1 of identical firms; I make the same assumptions on f as in
Section 1.2.1.
The timing of events within a period is as follows:
1. Inactive firms can choose to pay the entry cost and become active firms (with no
workers).
2. Active firms can choose to fire any or all of their workers.
3. Active firms post employment contracts C.
4. Workers can choose to leave their firms and become unemployed.
5. Unemployed workers direct their search to contracts, forming queues as in the static
model.
6. The number of applicants to each firm is realized through the queueing technology f.
7. Firms decide how many of their applicants to hire.
8. Production occurs and payments are made to workers.
9. Active firms may be destroyed (probability A) and their workers made unemployed.
25Note that certain traditional features of frictional labor market models are not present. In particular, I
assume that firms do not have to pay a cost to post a contract each period, in addition to the entry cost that
is paid when firms enter. Introducing such a cost would complicate the equilibrium by introducing an (s, S)
band of inaction within which firms would be unwilling to hire more workers but would not want to fire any
already-hired workers. Beyond this, it would not change the qualitative conclusions about the efficiency of
different contracting environments. I also set the value of leisure to 0; setting it to b > 0 would likewise not
affect conclusions about efficiency or wage dynamics but would complicate some proofs.
26The assumption that a firm's number of previously-hired workers m is observable to applicants is nec-
essary if the firm's optimal hiring decision ex post, and therefore the worker's probability of being hired,
depends on m. If applicants could not observe m then there would be an incentive for firms that do not
wish to hire many workers to post the same C as other firms that do; this pooling would then give rise to a
signal extraction problem for the worker that is not the focus of this paper.
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I have not yet specified exactly from what space D firms can choose the contracts that
they post. However, as in the static model, this lacuna is unimportant for specifying the
planner's problem since the role of contracts for the planner is simply to allow direction of
workers' search. I can therefore define an allocation in the dynamic economy.
Definition 1.2. An allocation is a sequence of tuples
(dm,t)m=O, (dm,t),=o, et, Ct, (Vm,t)m=o, e, t, 9-at, U t=0'
where for each t,
* for each m E N, dm,t is the mass of active firms at the beginning of period t with
m workers already hired, and dm,t is the mass of active firms with m workers after
separations and firm entry but before hiring;
* et is the number of firms that pay the entry cost to become active at the beginning
of period t;
* Ct C D is the set of contracts offered by firms;
* for each m E N, vm,t E B(D)) is a measure on D such that for each C' C C, the mass
of firms offering a contracts C E C' is given by v(C'), and satisfying27
m,t(A \ Ct) = 0 and dvm,t = dm,t;
* Ft N =t N is the set of decisions by firms about how many workers to fire;
* Ht : N2 x D = N is the set of decisions h(m, 1, C) by firms about how many workers
to hire;
* qt : D x N -R R+ is the (v-measurable) function mapping the contract offer of a firm
and the number of workers already hired to queue lengths; and
* Ut is the equilibrium expected utility of workers.
27To reduce the notational burden, I have again omitted notation for the a-algebra of measurable subsets
of D; as in the static model, when V is isomorphic to a closed subspace of R ' for some n E N, I assume that
v is a Borel measure.
An allocation is feasible if the following constraints are satisfied:
-0
0 [mjm,t + qt(C) dvm,t(C) < 1; (1.15a)
Sdil,t Z di,t (m >, 1); (1.15b)
l=m l=m
1 dlt < et + di,t (1.15c)
1=0 1=0
m
dm,t+ = (1 - A) f(qt(C), 1) dk,t (C) (1.15d)
k=O I h(k,1,C)=m-k
Equations (1.15a) to (1.15d) express necessary accounting constraints on the evolution of
the firm size distribution. Equation (1.15a) requires that the number of workers employed
plus those required to form the specified queues should not exceed the population, and
equation (1.15b) requires that firing should cause the number of firms employing at least m
workers to fall for each m > 1. The remaining two equations, (1.15c) and (1.15d), stipulate
that the total number of firms should increase after entry, and that the number of firms
with m workers employed at the beginning of a period should be equal to the number of
firms that hired enough workers in the previous period to finish with m workers, less the
fraction A of firms that are exogenously destroyed.
I assume that firm-worker separations can occur both by firing and by quitting, as well
as when firms are exogenously destroyed. An alternative assumption would be to disallow
firing and assume that all separations of workers from continuing firms occur via workers
quitting. For the planner, and hence in the efficient allocation, these are clearly equivalent.
In the case of the decentralized allocation, the two environments are again equivalent if the
contracting environment allows the firm to offer the workers it would have fired a wage at
which they voluntarily quit instead.
1.3.2 Efficiency
I first consider the efficient allocation in this economy. The social planner maximizes dis-
counted output by choosing in each period the entry, firing and hiring policies of firms and
the worker queue lengths. Specifically, the planner first chooses for each t a mass et of
entrant firms. For each firm that enters period t with m workers already hired, the planner
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chooses for each s < m the probability 7rm,s,t with which it reduces its workforce size to
s by firing precisely m - s workers. Next, in principle the planner can choose how many
workers the firm wishes to hire from a realized queue length 1; however since output is non-
decreasing in workforce size and workers can always be fired at the beginning of the next
period, it is trivially optimal to hire all applicants. Finally, the planner also chooses for
each (m, t) a distribution Vm,t(q) indicating the measure of firms with m workers at time t
to whom the planner assigns a worker queue of length q (per unit mass of firms). Note
that this notation already takes into account that the role of contracts for the planner is
merely to allow direction for workers' search; therefore, as in the static model, it is equiva-
lent to allow the planner to choose the distribution Vm,t directly. Constraining the planner
are accounting constraints on the evolution of the state variable (dm,t)'= as a function of
the hiring and firing in the previous period, and a constraint that the number of workers
in applicant queues be no greater than the number of unemployed workers. I record the
planner's problem as the following lemma.
Lemma 1.3. The optimal allocation in the dynamic economy solves:
max -cet+ dm,t f(q,y)x(m+-)dum,t(q) (1.16a)
dm,t, dm,t, ettoO m=o o
subject to
dm,t =
L,tdl,t m > 1 (116b)
irOtdt m (1.16b)
ll,o,tdllt m = 0
1 = m,t,t (1.16c)
m=O
1 = dum,t (1.16d)
Sdm,0 0 q dm,t (q) • + r,m,tdi,t (1.16e)
m=0 m=0 l=m
m 00
dm,t+1 = (1 - A) E 1, f (q, mn - 1) dvl,t(q) (1.16f)
l=0
(do,t,di,t,...) given. (1.16g)
The form of constraint (1.16e) arises from the fact that since the whole population of
workers are employed each period, and since all firms are equally likely to be destroyed,
independent of their size, hence a mass A of workers are employed at such firms each period.
The addition of the number of fired workers provides the unemployment pool from which
applicant queues are drawn.
The characterization of efficient allocations given by Lemma 1.3 has an immediate corol-
lary that will allow identification of inefficient allocations.
Corollary 1.3. Assume the production function x is strictly increasing in m. Then in any
efficient allocation, all workers are employed every period.
Further characterization of the optimal allocation is easier done if the planner's problem
is rewritten in recursive form. The state variable for the planner in period t is the vector
(dm,t)= o of the number of firms with m workers already hired at the beginning of the
period. The associated Bellman equation for the planner's problem is therefore given by
00 00 00
V(dodl,...)= max -ce+ Z dm S f (q,'y)x(m + -y) dvm(q) + 3V(do, d,...)
e,{vm}, m=0 -y=O{(n,m} m=O y=0 (1.17a)
subject to
dm = m irl,mdi m Ž 1 (1.17b)
e + E'o 7rl,odl m = 0
1 = m, (1.17c)
m=0
1 = dum (1.17d)
0o
S Jdm qdvm (q) < A + E 7r1,md (1.17e)
m=O m=O l=m
m
d'm = (1 - A) di f(q, m -l)dvi(q). (1.17f)
l=0
The domain for V is the set X of sequences (do, dl,...) taking values in R+ and satisfying
the constraint that E•C•o mdm ,< 1 (that is, the number of employed workers is no more
than the population).
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Proposition 1.7. There is a unique solution to (1.17). V(do, dl,...) is equal to the value
of the sequential form of the planner's problem stated in Lemma 1.3 with (do,t, di,t,...) =
(do, di,...). V is continuous and is nondecreasing in all its arguments.
The proof of Proposition 1.7 follows from standard techniques for analyzing recursive
problems: the existence of the value function V follows from using the Bellman equation
(1.17) to characterize V as the solution to a fixed point problem, and the claimed properties
of V can be showing that they are preserved by the associated operator.
1.3.3 Equilibrium and contracts
I now continue analogously to the static model and consider the properties of the decentral-
ized equilibrium. To do this, recall that it is important to specify what kinds of employment
contracts can be posted by firms. In this section I introduce contracting environments that
naturally generalize to the dynamic setting the four environments introduced in Section
1.2.5, and show that, analogously to the static model, wage posting does not in general de-
centralize the efficient allocation. However, if the contracting environment is rich enough to
allow the firm to pay applicants their marginal product while also making it incentive com-
patible for firms to hire all their applicants ex post, then there exists an efficient competitive
search equilibrium.
I will always restrict attention to Markov perfect equilibria only. More specifically, I
allow firms and workers to condition their strategies in period t only on aggregate variables,
together with idiosyncratic payoff-relevant state variables (specifically, in the case of firms,
the number of workers already employed at that firm). 28 This allows me to abstract from
the possibility of unrealistic trigger-strategy equilibria in which firms' strategies depend
directly on the contracts posted by other firms in the past.29
I assume as in the static model that firms are constrained to offer only one contract in
any period t which must be available to all applicants. I assume in this section that long-
term contracts are impossible. Since short-term contracting allows the efficient allocation
28If firms could write long-term contracts, then the space of payoff-relevant state variables would also
include the contracts at which existing workers are employed.
29For example, it is possible for some parameter values and some production functions x to construct a non-
Markov equilibrium where firms always refrain from hiring more than some fixed number M of workers even
though at the prevailing wage it would be profitable to hire additional workers. The deviation is rendered
unprofitable by the threat of all other firms also increasing their hiring, which would in turn increase the
wages the deviating firm must pay. In general, a large multiplicity of non-Markov perfect equilibria may
exist.
to be decentralized, it is clear that long-term contracting could also do so, but it is without
loss of generality to disallow it. Instead, in each period, I assume that firms can post a
contract C that binds the actions of the firm only during period t.
In the most general contracting environment of interest, the space of contracts D) consists
of contracts C that specify each period functions Wt, Wto : N3 -- R+ and Xt : N 2 - 2N,
such that a firm with m workers already hired that receives 1 new applications hires some
number h E X(m, 1) n {0, 1,..., 1} of them, and divides a total payment of Wn(m, 1, h)
among its applicants and Wo(m, 1, h) among its already-hired workers. However, since
simpler contract structures than this achieve efficiency, I do not consider these general
contract structures explicitly here. Instead, generalizing the environments considered in
Section 1.2.5, I consider the following possibilities for the contracting environment 1D:
(Al) C specifies a single wage w to be paid to both already-hired workers and to applicants
conditional on being hired;
(A2) C specifies two wages (wn , w0 ) to be paid respectively to applicants conditional on
being hired and to already-hired workers;
(B) C specifies a wage vector (w; wl, w2,...) such that each already-hired worker is paid w
and each newly-hired worker is paid a lottery with h equally likely prizes {w 1,..., wh}
if h workers are hired;
(C) C specifies two wages (wn , wo) and a number M such that each already-hired worker
is paid wo, each newly-hired worker is paid wn and the firm commits to hire h =
min{m, M} workers;
(D) C specifies two numbers (a, w) such that a is paid to each applicant and w to each
already-hired worker.
In each case, I assume firms can commit to the provisions specified in C but that, as in
the static model, the firm makes decisions about variables not specified in C ex post. Note
that environments (B), (C), and (D) generalize the environments of the same name in the
static model of Section 1.2.5; environments (Al) and (A2) both generalize environment (A)
of that section.
An important simplifying feature of the short-term contracting environment is that
only this period's posted C affect the queueing and quitting decisions of workers at period
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t. This is because the expected utility from periods t + 1 and onwards must in equilibrium
be constant and independent of the worker's employment status at the end of period t.
That is, at the beginning of period t + 1, before queues are realized, the expected utility of
an unemployed worker is equal to that of an employed worker. (If the equilibrium value of
being an unemployed worker was higher than the value of any employed worker, then that
worker could profitably deviate by quitting her job; whereas if the value of any employed
worker were higher than the value of unemployment, then the firm employing that worker
can cut the offered wage without affecting the worker's decision to remain employed.) This
means that I can define
* qt(C, m) to be the equilibrium queue length attracted by a firm with m previously-
hired employees posting C at time t;
* c(m, 1, h, C) = Wn(m, 1, h) + Wo(m, 1, h) to be the current period cost to a firm with
m already-hired workers of posting C, attracting a realized queue length of 1, and
hiring h new workers;30
* pt(C, m) to be the equilibrium probability that a worker is hired conditional on ap-
plying to C, m at time t; and
* ut (C, m) to be the equilibrium expected utility a worker receives from applying to
(C, m) at time t.
I can now define an equilibrium with short-term contracts. Formally, an equilibrium should
be defined as a sequence of contingent strategies for firms and workers, subject to the
restriction that firms maximize discount expected profits and workers maximize utility,
taking as given the contingent strategies of all other agents. However, owing to the high
dimensionality of the strategy spaces, for the sake of simplicity I define an equilibrium
recursively; it is not conceptually difficult to derive the characterization of equilibrium in
Definition 1.3 from the formal sequence definition.
Definition 1.3. An equilibrium with short-term contracts is a feasible allocation
(dm,t)=o, (dm,t)'=o etCt, (vm,t)'=o , qt, t , 0
30Note that in general c(.) will not depend on all of its arguments, but each of (m, 1, h, C) affects c in at
least one of the environments considered.
together with a sequence of functions Ht : N -+ R+ for t C N satisfying the following
conditions:
(a) Profit Maximization and Optimal Firing: Vm E N,
00
lt(m) = max E [x(m - q + h(m, 1, C)) - c(m - , 1, h, C)CED,
0>O l=0
+ f/(1 - A)Ht+l (m - ¢ + h(m, 1, C))] f(qt(C, m - f), 1)
(1.18a)
with equality for each C E Ct for some m E N with dm,t > 0;
(b) Optimal Hiring: V(m, 1, C),
ht(m, 1, C) E argmax {x(m + h) - c(m, 1, h, C) + 3(1 - A)•It+l(m + h)}; (1.18b)
he•{0,1,...,1}
(c) Free Entry: Hlt(0) < c;
(d) Optimal Application: VC E D,
ut(C, m) < Ut and qt(C, m) > 0 (1.18c)
with complementary slackness;
(e) Optimal Quitting: VC E Ct either the wage w0 specified by C for payment to each
already-hired worker satisfies wO > Ut, or all workers quit the firm for unemployment.
Proposition 1.8. Suppose that the production function x is strictly concave and satisfies
limm--o x(m) - x(m - 1) = 0. Then under contracting environments (Al) and (A2), all
equilibria are inefficient.
Proposition 1.9. Suppose that x is strictly concave and q ý M=o g(q, m) is strictly
concave in q for all n > 1. Then under environments (B), (C) and (D), there exists an
efficient equilibrium.
Propositions 1.8 and 1.9 are the dynamic analogs of Proposition 1.4 and Lemma 1.2 in
the static model. The intuition for the result is that there is no contracting imperfection
-
that might impede efficiency in the dynamic model that was not already present in the static
model. Efficiency in the dynamic model requires that firing and quitting be done efficiently;
a necessary and sufficient condition for this is that the wage be equal to the marginal social
value of an unemployed worker. However, this is assured by the fact that contracting is at-
will. If in addition hiring is efficient, then the free entry condition for firms assures efficient
entry and therefore the efficiency of the equilibrium. Finally, whether hiring is efficient
depends, as in the static model, on the set of contracting instruments available to the firm.
Under wage posting, there is in general a conflict between the need to promise applicants
a high enough expected payment, and efficient hiring ex post. Indeed, it is immediately
clear that under environments (Al) and (A2), not every worker is employed every period,
so that Corollary 1.3 shows that the equilibrium is not efficient. Under environments (B),
(C), and (D), there exists an efficient equilibrium since under each of these environments,
the firm can post a contract that offers the appropriate value to workers while ensuring that
it remains efficient ex post for the firm to hire all its applicants.
An algorithm for calculating equilibria numerically is suggested by the fact that a firm's
behavior is affected by aggregate conditions only through the equilibrium value of an un-
employed worker, U. Therefore, given a guess for U, I can solve the firm's problem (1.18)
to construct the firm's policy functions for the contract it offers, m H C(m, U), and its
hiring behavior, m ý h(m, 1, C(m, U), as a function of the number of workers previously
hired, m. This allows construction of a transition matrix A that describes the evolution of
the distribution of firm sizes:
(do,t+1,... , dm,t+1,.. .)' = A(do,t, ... , dm,t,...)
The steady-state distribution of firm sizes is then an eigenvector of A; the scale factor is
determined from the fact that in equilibrium the whole population of workers (of mass 1)
is either employed or queueing each period. The final condition to check in equilibrium is
that Ht(O) = c, and this can be ensured by altering the initial guess for U. This method is
similar to that used in a related setting by Bertola and Caballero (1994).
This completes the characterization of efficient contracting in the benchmark dynamic
model. In the remaining sections of the paper, I investigate some interesting comparative
statics of the model.
1.3.4 Asymptotic efficiency of wage posting
The inefficiency associated with wage posting contracts arises from two features of the
model. First, wages play a dual role: a firm's wage posting at the same time offers appli-
cants ex ante an expected payment, and also alters the firm's hiring behavior ex post by
committing the firm to a payment amount to each worker. Second, more than one applicant
can arrive at a firm simultaneously, so that wages cannot be individually tailored to each
worker so that the two roles of wages do not conflict and hiring is efficient. This suggests
that if the length of time for which firms must commit to a contract decreases, then the
efficiency cost of wage posting should decrease. When a firm can change the wage it posts
more quickly, the likelihood that applications will be inefficiently directed to firms unwilling
to employ them because of their high posted wage is reduced. In this section I formalize this
intuition and give conditions under which the wage posting equilibrium is asymptotically
efficient as the length of the period for which firms post contracts becomes small.
Denote the length of the period for which firms post a single contract by s. The dynamic
model described thus far in Section 1.3 represents the case where s = 1. In the case where
s < 1, then it is necessary to introduce some new notation for the queueing friction to
indicate its dependence on s. When a mass q of applicants direct their applications toward
a mass 1 of firms, then denote by f(q, m, s) the probability that an individual firm receives
precisely m applicants. In place of (1.2) and (1.3), I assume that the queueing friction now
satisfies
00 00
f (q,m,s) = 1 and mf(q, m,s) = w(q,s), (1.19)
m=0 m=O
where for each q > 0 and s > 0, w(q, s) E (0, q), and w(.) is strictly increasing and strictly
concave in q for each s > 0. I assume also that as s - 0, there is a continuously differen-
tiable, strictly concave, strictly increasing function p(q) such that as s --+ 0, then w(q, s) =
spL(q) + O(s2M(q) 2), f(q,O, s) = 1 - sy(q) + O(s 2 (q) 2), f(q, 1,s) = sp(q) + O(s2 A(4q)2 ),
and f(q, m, s) = O(s 2 I(q)2) for all m > 2. 3 1 The intuition for these requirements is that
31To motivate these assumptions, a possible microfoundation is as follows. Suppose that within each
period, workers can direct their search only to contracts as before. During a period, workers gradually meet
individual firms; once a worker meets a firm, she submits an application to that firm and then waits for
that firm's hiring decision under the end of the period, without continuing to search. For r E [0, s], denote
by q, the mass of workers (per unit mass of firms) that have not yet managed to submit an application to
some firm in this period; q, is decreasing in 7, and qo = q is known. Assume that at time r, firms receive
applications from workers at a Poisson rate of p(q,), while a worker finds a firm to which to apply at a
Poisson rate of i(q,)/q,. This implies that q, satisfies the differential equation 4, = -M(q,), and that at
the end of the period of length s, the total number of applications that will have been submitted, per unit
as the period length becomes small, then for a constant queue length q, it should become
unlikely that the firm receives any workers in a given period, and if it does receive any, then
it should be unlikely that it receives more than one.
In order to focus on the effect of changing the contracting environment, it is necessary
to avoid changing the rate at which production or firm destruction occur and to adjust the
discount rate appropriately. I assume that in a period of length s, a firm with m workers
produces output worth sx(m), and that each active firm is destroyed with probability sA
(where the realization of this shock is iid across firms). I also assume that the discount
factor is /S. Let r = - log 0, so that 3S = e - rs
Analogously to the notation in Section 1.2.6, denote by U*(s) the welfare in an efficient
allocation when the period length is s, and denote by Ue(s) the welfare in the equilibrium
under wage posting under contracting environment (A2) introduced in Section 1.3.3. Denote
by A(s) the relative welfare cost of wage posting, defined by 32
U*(s) - Ue(s)
A(s) = ) (1.20)U* (s)
This notation allows me to state an asymptotic efficiency result.
Theorem 1.2. If f satisfies (1.19) then limso A(s) = 0.
That is, as the length of the period for which firms must post and commit to an un-
changing contract decreases, then the relative welfare cost of wage posting becomes small.
More precisely, the proof of Theorem 1.2 establishes that as s --+ 0, the equilibrium under
wage posting converges to the equilibrium of a continuous-time competitive search economy,
in which there is no coordination friction, but only a matching friction tQ(-) (that is, if a
mass q of workers apply to a mass 1 of firms, then the Poisson rate at which each firm
receives applicants is given by pL(q) = limso w(q, s)/s). The efficiency of wage posting in
this economy is intuitive: the hiring margin becomes trivial, since the probability that two
applicants arrive at the same firm at the same instant is zero whenever q is finite. Therefore,
mass of firms, is given by A(q, s) = fo p/(q,) dT; these applications will be distributed across firms according
to a Poisson distribution with parameter A(q), so that the probability that a firm receives precisely m
applications during the period is given by f(q, m, s) = eA(q's)A(q, s) m /m!. In a period of length s where s is
small, q, is approximately constant for r E [0, s], so that the total number of applications received per unit
mass of firms is A(q, s) = spL(q) + O(s2'(q) 2 ). The claimed properties for f(q, m, s) follow immediately on
substituting this formula for A(q, s) into the Poisson functional form.32Notice the definition of A(.) here is similar to that given by (1.13) in Section 1.2.6; however, in that
case, A(.) was a function of the firm's entry cost, while here it depends on the period length.
efficiency follows as in the benchmark competitive search models, in which firms wish to
hire only one worker at a time.
Theorem 1.2 does not address the case in which the friction in the discrete time economy
is a pure coordination friction, so that p(q) = q. The conclusion of the Theorem remains
true in this case. However, the limit economy as the period length s becomes small is
frictionless: all entrant firms grow instantaneously to the efficient size, given by solving
maxm 1 [-Ac + x(m)], and there is no frictional unemployment. This is because as s --+ 0,
firms find it possible to fill their vacancies in a vanishingly short duration; intuitively this
is possible since as s - 0, the probability of inefficiently many workers arriving at the same
firm in the same period due to coordination failure becomes small. Thus it is efficient to
send almost all the applications to the most productive vacancies - that is, those posted by
firms that have few previously-hired workers. These firms therefore grow very fast. Thus in
this case also, the welfare cost of wage posting decreases to 0 as the period length s becomes
small, although the limiting economy is not frictional.
Theorem 1.2 identifies that a crucial factor in determining whether competitive search
equilibrium with wage posting is efficient is the length of the period to which firms commit
to a contract. In the case where this period is very short (for example, the market for day
labor), the Theorem suggests that the welfare gain from posting complicated contracts is
small, and therefore provides a possible reason why simple contractual arrangements might
be observed in this environment. In markets for skilled labor, in which the duration for which
contracts are posted is longer, the model suggests that we should observe such contracts
less frequently. Casual empiricism suggests that this is in fact the case. Of course, in reality
the length of the period for which contracts are posted by firms is itself a choice variable.
It seems likely that environments in which the cost of mismatch is higher would be most
likely to be associated with long contracting lengths. Further examination of competitive
search equilibria with endogenous contract posting lengths is a subject for future research.
1.3.5 Wage dynamics
The dynamic model allows me to examine within-firm wage dynamics under various con-
tracting assumptions. Under the assumption that contracts signed previously do not con-
strain the firm's contract offer today, one might expect that if the production function x
is concave, the wage offered by the firm should be decreasing with the number of workers
already hired. This is a natural conjecture due to the decreasing marginal product of an
additional worker as the firm size increases. However, the decision of a firm on its offered
wage is complex: by offering a higher wage, the firm trades off lower marginal profit on
today's new hires with a longer queue length, together with the fact that in the event that
it gets a long realization of its applicant queue, it will not find it optimal ex post to hire
so many workers. Notwithstanding these complications, it is possible to provide conditions
under which the conjecture is true. The argument relies on a single-crossing argument
applied to the isoprofit curves of the firm in (p, w)-space.
In this section, I consider only steady-state equilibria. This implies that the value of
being an unemployed worker, U, is constant over time, and that firm behavior changes only
with the growth of the firm and not with exogenous changes in market conditions.
In order to state the key lemma used in the proof, I need to introduce some notation.
Define p,(q) to be the worker's probability of being employed conditional on applying to a
firm that is willing to hire as many workers as apply up to a maximum of m; it follows that
Im-1 m
pm(q) = E lf (q, 1) + mg(q, m) = - g(q, 1). (1.21)
q qq=0 /=1
(Here the second equality follows by using the definition of g(q, m) and reversing the order
of summation.) Let qm be the inverse function for pm. So as to ensure that qm exists, I
assume in this section that the queueing function f is such that for each m E N, pm is a
strictly decreasing function.33 Suppose that the contracting environment is such that the
firm's value function can be expressed as a function 7r(n, q, w), where n is the firm's number
of workers previously hired, q is the queue length, and w is the wage the firm offers to new
hires, as in the wage-posting contracting environment (A2), for example. Then I can define
a function r : N x (0, 1) x R+ by
r(n, p, w) = 7r(n, qm(w)-n(p), w) (1.22)
where m(w) is the last worker whose net marginal value to the firm is positive given that
he must be paid wage w. That is, r is the profit function for the firm as a function of n, w,
331t is not in general true that qm exists; the argument in this section need not apply if this is the case.
Of course, q, exists if pm is strictly decreasing; it is not difficult to check that this is true if f is Poisson.
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Figure 1-5: The single crossing property
and the probability that a worker gets hired, p.34
I say that i satisfies single-crossing if ir(n, p, w) is non-increasing in p and w, and
if whenever no,nl E N with no < nl, w,w' > 0, and p,po,pl E (0,1) are such that
r(no0,, w) = i(no,Po, w') and 1r(nl,p, w) = Tr(ni,pi, w'), then if w < w', then po > pl and
if w > w', then po < Pl. Intuitively, this condition requires that the isoprofit locus through
a given point in (p, w)-space for a firm with n workers already hired should be steeper than
the isoprofit curve through the same point for a firm with n' > n workers already hired.
That is, the more workers the firm has already hired, the more it prefers, ceteris paribus, to
substitute towards increasing p, via decreasing w and allowing the queue length to adjust
in equilibrium.
Figure 1-5 shows the intuition for why single-crossing is the appropriate condition to
ensure that wages are decreasing with number of workers previously hired. The graph shows
three isoprofit curves for firms in (p, w)-space, all of which pass through the point (p*, w*).
The isoprofit curves are for firms with the same underlying value function II but with
different stocks of previously-hired workers. The dashed curve (in three pieces) corresponds
34Note that the definition of Tr(n, p, w) assumes that the firm will hire as many workers as is incentive
compatible for it to do. In particular, if the wage w is such that the firm is indifferent about whether or not
to hire the 1 - 1 or 1 workers when its realized queue contains at least I workers, then *(n, p, w) is calculated
assuming that the firm hires 1 workers in that case. It is not difficult to check that in equilibrium this is
how the firm does in fact behave, since the firm is indifferent and in equilibrium, the firm acts to maximize
worker utility. This implies that the isoprofit curves, as I define them, are not closed curves.
to the firm with no workers already hired. The middle curve (which lies below the dashed
curve for p low and above it for p high) is that for a firm which already hired a single worker.
The last curve is for a firm with two previously-hired workers. Wages wb1 and wb2 make the
firm indifferent between hiring another worker when available or not (and hence correspond
to jumps in the employment probability p as w changes). The single crossing property is
clear in the graph, as is the intuition for why wages should be decreasing with the number
of workers previously hired. If the equilibrium wage posted by new entrant firms is w*, then
the dashed isoprofit curve must be tangent to the worker's indifference curve at (p*, w*).
In this case, the isoprofit curves for firms with at least one worker previously hired through
(p*, w*) cut the indifference curve at (p*, w*) and lie strictly below it for w > w*. Therefore,
these firms earn a lower profit by posting any wage above w* than they do by posting w*
(and in fact, they can do better still by posting a wage slightly less than w*).
Lemma 1.4 formalizes the key argument in the proof.
Lemma 1.4. Suppose the firm's value function r satisfies single-crossing. Then the equi-
librium wage posted by firms is non-increasing in n, the number of workers already hired.
Lemma 1.4 is closely related to familiar monotone comparative statics results.35 How-
ever, since the firm's value function r need not be strictly increasing in p (when the wage
w is such that the firm is indifferent about whether or not to hire the mth worker for some
m > 0) the proof relies in addition on the fact that the worker's indifference curves in
(p, w)-space are downward-sloping and continuous. 36
If the queueing function takes the Poisson functional form, then it can be shown that
if the labor market is not too tight, then the firm's profit function exhibits single-crossing.
Lemma 1.5 formalizes this statement.
Lemma 1.5. Suppose there are pure Poisson coordination frictions, f(q, m) = e-qm/m!.
Suppose also that the value function H is concave in the number of workers hired, m, and
satisfies limm-,,, II(m) - H(m - 1) = 0. Then there exists a 1 < 1 such that the firm's profit
function i satisfies single crossing for (p, w) E [p, 1) x R+.
The proof of Lemma 1.5 is non-constructive, in the sense that it does not give a formula
for how large p has to be so that r satisfies single-crossing. In particular, p depends on
35See, for example, Theorem 3.2 in Athey, Milgrom, and Roberts (1998).360f course, since workers are risk neutral, indifference curves are in fact rectangular hyperbolae, and the
proof in the Appendix uses this fact; however, it is not difficult to modify the proof to use only that the
indifference curves are downward-sloping.
how concave the value function is; large values of p can be required to assure concavity in
cases where the value function increases nearly linearly in m when m is small, and then
increases much slower for m large. However, numerical simulations suggest that for a large
class of production functions (including the Cobb-Douglas example shown in Figure 1-5),
it is possible to take p near 0.
Taking Lemmas 1.4 and 1.5 together allows me to state in terms of the primitives of the
problem a result that guarantees that the wages offered by firms are decreasing with the
number of workers already hired.
Theorem 1.3. Suppose there are pure Poisson coordination frictions and the production
function x is strictly concave and bounded. If the cost of entry c is sufficiently low then
the wages posted by firms in equilibrium are decreasing in the number of workers previously
hired.
Numerical simulations show that the wage can be increasing for non-concave production
functions x. For example, in the case where x is a step function, simulation suggests that
wages are increasing in the number of workers already hired. This is because if a minimum
number m of workers is required for production, it can be optimal to attract the first
worker at a low wage, then, as it becomes increasingly costly to pay workers already hired,
to increase the wage offered in later periods so as to increase queue length and therefore
decrease the expected amount of time until production can begin.
The empirical importance of Theorem 1.3 may appear limited since the wage dispersion
it describes is only present for one period. Under all the contracting environments considered
in Section 1.3.3, previously-hired workers in all firms are paid a constant wage U that is
the same across all firms. Generating persistent wage dispersion requires a contracting
environment in which firms commit to pay workers a constant wage for more than one
period, conditional on hiring them. In this case, the tradeoffs the firm makes when deciding
what wage to post initially leads to persistent intra-firm wage dispersion. I do not formalize
this environment here due to constraints of space. However, analogs to Lemmas 1.4 and
1.5 and Theorem 1.3 can be proved in this case (in fact, the proofs are almost unchanged)
to show that under this kind of long-term contracting, wages are again decreasing in the
number of workers previously hired by the firm.37
37The ability of the firm to commit to hiring workers for a specified duration is crucial to these intra-firm
This kind of long-term contracting environment also makes it possible to investigate the
effect of contracting restrictions on wage dynamics. For example, one natural restriction
to impose is that newly-hired workers may not be paid a lower wage than workers already
hired by the firm. This restriction can be motivated by the behavior of unions, for example,
or may be a response to within-firm fairness concerns. 38  In this setting, the argument
used to prove Theorem 1.3 establishes that for generic parameter values, the firm offers a
constant wage w over time, and in fact, that all firms that hire always post the same wage
w. Thus there is an interesting interaction between within-firm contracting restrictions and
the existence of equilibrium wage dispersion. The restriction also has implications for the
growth path of the firm over time: if firms all post the same wage, then in equilibrium
all firms that hire must attract the same queue length and hire workers with the same
probability. This implies that the expected speed at which a firm hires new workers is
independent of the firm's size, until the firm is not so large that it does not wish to hire any
further. In the less restricted contracting environment of Theorem 1.3, on the other hand,
it can be shown that the expected growth rate of the firm decreases over time (otherwise it
could not be optimal for newer firms to post higher wages). Thus within-firm contracting
restrictions also can change the qualitative dynamics of firm size.
1.4 Conclusion
In a directed search model, what firms can commit to when they post contracts affects
in a fundamental way both the positive and normative conclusions that can be drawn.
In this paper, I have shown that when firms wish to hire multiple workers, in general
simple wage posting contracts do not decentralize the efficient allocation. There are other
contracting environments that do so, although these either require stronger commitment
power on the part of firms (for example, firms should be able to commit to hiring a fixed
wage dynamics. Once hired, all workers are identical, so there is no incentive ex post for the firm to pay
higher wages to those workers hired early in the firm's life higher wages. Instead, the firm has an incentive
to fire higher-paid workers and replace them with new hires who are paid lower wages; it is possible to hire
workers at the lower wage because the new lower wage offered by the firm in the market will be compensated
for by a shorter queue length and hence a higher hiring probability, and also by a longer expected duration
of employment. If the contracting environment is altered so that firms can commit to pay workers a wage w
for the duration of the employment relationship, but the continuation of that relationship is not contractible,
then in equilibrium, the expected duration of a job can be a decreasing function of w; since workers anticipate
this in directing their application decisions, the actual equilibrium will be complicated and queue lengths
may no longer be increasing in w. Further investigation of this environment is left for further research.
38Bewley (1999, §9.1) provides survey evidence supporting the latter motivation.
number of workers in addition to a wage payment), or the ability of firms to make their
payments to workers contingent on the number of applicants that they receive. In the
benchmark competitive search environment in the literature in which firms wish to hire
only a single worker, the importance of the contracting environment is somewhat obscured,
since a complete contingent contract can be implemented simply by posting a wage and,
implicitly, a commitment by the firm to employ precisely one worker.
Wage posting, on the other hand, is appealing for theoretical and empirical reasons. I
established that in addition, it is approximately efficient when labor market tightness is very
low or very high, or, in a dynamic model, when the duration of time for which firms commit
to their posted contracts is short. On the other hand, if the length of a period is longer,
then coordination frictions become more important; the model then implies interesting wage
dynamics, implying that smaller, more productive firms grow faster and post higher wages.
The model thus identifies the duration of commitment to a wage contract by a firm as a key
variable in the interpretation of the model: day labor markets differ fundamentally from
labor markets like that for academics that clears only annually.
The paper also suggests some natural directions for further research. The focus of this
paper on the positive side has largely been on wage dynamics in steady-state. The response
of firms to idiosyncratic shocks in this environment is a natural direction for further research,
as is closer study of the implications of the model for the growth dynamics of firms.
1.5 Appendix
This Appendix contains statements of some results that are not formalized in the text,
together with all technical proofs.
Lemma 1.6. The expected production function, defined by
00
V)(q) = (m)f(q, m)
m=O
is continuous and nondecreasing in q.
Proof. Write x(m) = E•l= [x() - x(l - 1)]; substituting this into the sum defining $(q) and
reversing the order of summation establishes that
00
(q) = E [x(m) - (m - 1)]g(q, m).
m=1
It is immediate that b is nondecreasing in q since for each m, x(m) - x(m - 1) > 0 and
g(q, m) is nondecreasing in q. To establish continuity, observe that for q' > q, we have that
00
0(q') - (q) = I[x(m) - x(m - 1)] [g(q', m) - g(q, n)]
m=1
• sup [x(m) - x(m - 1)]. [g(q', m) - g(q, m)]
m,1 m=1
= sup [x(m) - x(m - 1)] (p(q') - I(q)).
m,1
The last line follows using (1.3). Note that since / is concave, M(q') - I(q) i 2'(0)(q' -
q); since 0 < pI(q) < q, it follows by the squeeze principle that 0 < pI'(0) • 1, so that
Cp(q') - t(q) < q' - q. Also note that since x is bounded, then supm>,~[x(m) - x(m - 1)] (
supmn> 1 x(m) < oo00. Thus for q' > q, it follows that 0 < #(q')- (q) < supm>l[z(m) -
x(m - 1)] - (q' - q), so that 4 is continuous as claimed (in fact, note that we have shown
the stronger result that 4 is Lipschitz). O
Proof of Proposition 1.1. The fact that any Pareto optimal allocation solves the optimiza-
tion problem (1.6) is immediate from the preceding discussion: the maximand is an expres-
sion for social welfare, and the constraint is an accounting constraint that the number of
applications should not exceed the population.
To see that the maximum exists, first let t = supm x(m). By (1.2), E0m•o f(q, m) = 1; it
follows that 'm o xo(m)f(q, m) < t. Let S = supq>o E'-o x(m)f(q, m). If A < c then the
maximum value of the planner's problem is 0, attained by not having any firms enter (that
is, v is a null measure). Otherwise there exists q = 4 such that -c+±•E,=O x(m)f(4, m) > 0.
Denote by V the value of the objective when v is an atomic measure placing mass 1/4 on
(that is, V = [-c + Em-o x(m)f(, mn)]). Now, suppose that v is any measure placing
positive mass on some q for which 1 [-c + E' o x(m)f(q, m)] < V. Then it is clear that
the value of the objective can be increased by shifting all the mass v places on such a q to
59
4. But if q > V/(-c + 2), then
1 q1-c + E x(m)f (q, m) -[-c + £] < V.
Hence we can restrict attention to q with support on [0, V/(-c + t)].
Next, observe that for all q > 0,
00 
) M
zx(m)f(q, m) < max -- E mf(q, m) < tp(q) <, tq
m=O m=O
where the second last inequality follows from the accounting identity (1.3). Hence if q < c/.,
it follows that -c+Eo• 0 x(m)f(q, m) < 0. Thus if v is a measure placing any mass on such
q, then the value of the objective can be increased by replacing v with the null measure on
[0, c/i]. Thus we can further restrict attention to v with support in I = [c/i, V/(-c +. )].
Now, for q E I, the function h : q F- [-c + -0 o x(m) f(q, m)] is continuous. Since I
is compact, there exists a q* that maximizes h on I. But then for any measure v on I, we
have that
00
i[- c + E x(m)f(q, m) dv(q) h() d(q) h(q*) q dv(q) < h(q*). (1.23)
m=O I
Since the maximum is attained for v an atomic measure putting mass 1/q* at q = q*, the
maximum is attained. It is also clear that equality is attained in (1.23) if and only if v places
mass only on those q that maximize h. This completes the proof of the Proposition. O
Proof of Lemma 1.1. The existence of a q that maximizes (1.7) was established above in
the proof of Proposition 1.1.
To see that q is unique, first assume that 0 is strictly concave, and suppose there exist
q' that both maximize h(q) 1 [-c + '(q)]. Then by concavity, for any A c (0, 1),
1 1
q + (1 )q[-c + (Aq + (1 - A)q')] > Aq + (1 )q [-c + AO(q) + (1 - A)O(q')](q + (1 - >)q' Aq + (1 - A)q'
(1.24)
A[-c + /(q)] + (1 - A)[-c + (q') 25)
Aq + (1 - A)q'
By addendo, the right side of (1.25) is equal to h(q) = h(q'). That is, h(Aq + (1 - A)q') >
h(q) = h(q'). This contradicts the assumption that q and q' were maximizers of h. Hence
if 4 is strictly concave, then 0 has a unique maximizer.
If there exists d > 0 such that 4 is convex on [0, d] and strictly concave on [d, oo), then
I claim that h(q) is strictly increasing on [0, d]. To see this, suppose that 0 < q < q' < d.
By convexity, it follows that if A E (0, 1), then O(Aq') < AX(q') + (1 - A)0(0) = Ao(q);
substitute A = q/q' to obtain that O(q) < qo(q')/q', or O(q)/q •< O(q')/q'. Since q < q', also
-c/q < -c/q'. Adding the last two inequalities shows that h(q) < h(q'). It follows that on
[0, d], h is maximized by q = d. Thus the set of maximizers of h on [0, 00) is the same as
the set of maximizers of h on [d, oo). On the latter domain 4 is concave, so the argument
in the previous paragraph establishes that the maximizer is unique. O
Proof of claims about Example 1.1. To show that under the hypotheses of example (a) are
sufficient to ensure the concavity of 4, it is helpful first to state the following technical
Lemma.
Lemma 1.7. The following are equivalent:
(a) q ý- EmO f(q, m)x(m) is concave in q whenever x is concave in m;
(b) The sequence A0, A1,... defined by
Ao = fqq(q, 0)
A1 - 2AO = fqq(q, 1) (1.26)
An - 2An- 1 + An- 2 = fqq(q, n) for n >- 2;
satisfies An > 0 for all n;
(c) q n E=0o(n - m)f(q, m) is convex in q for all n >, 1;
(d) q •- =1 g(q, m) is concave in q for all n ;> 1.
The equivalence remains true if 'concave' is replaced by 'strictly concave', 'convex' by
'strictly convex', and weak inequality by strict inequality throughout.
Proof. I prove (a) - (b) + (c) = (d) : (e).
(a) => (b) Define the sequence {An} as in (b). Then it's easy to check by comparing coefficients
on each term x(m) that
fqq(q, m)z(m)
m=O
= Am [x(m + 2) - 2x(m + 1) + x(m)].
m=O
Next, let n E N, and consider the function x(m) = min{m, n + 1}. It's easy to check
that for this function,
x(m + 2)- 2x(m + 1)+ x(m)= {° m n
m = n.
Since x(.) is concave, it follows from (a) that the left side of equation (1.27) is negative.
But the right side is equal to -An, so An > 0.
(b) = (a) Immediate from (1.27) and the fact that x(m + 2) - 2x(m + 1) + x(m) •< 0 for all m
is equivalent to concavity of x(.).
(b) = (c) An easy induction on the definition of An establishes that for n > 1,
n
E (n - m)fq (q, m) = An.1
m=o
The result follows immediately.
(c) = (d) Note that max{n - m, 0} = n - min{m, n} and that
n 00
g(q, m) = E
m=1 l=m
oo min{l,n}
f(q,l)= 1 1
1=1 m=1
00
f (q,1) = min{l,n}f (q,1)
l=1
where the second equality follows by reversing the order of summation. Hence
n
(n - m)f(q,m)
m=O
oo
= max{n - m, O}f(q, m)
m=O
= >[n - min{m, n}] f(q, m)
m=O
= n- 3 g(q, m);
m=l
(1.27)
nm
m=-1
(1.28)
the last line follows from (1.2) and (1.28). The result follows immediately since the
negative of a convex function is concave, and vice versa.
The proofs with strict concavity, convexity and inequality are almost identical. OE
The equivalence of (a) and (d) in Lemma 1.7 establishes the sufficiency of the hypotheses
in part (a) of Example 1.1 for the concavity of 0. The uniqueness of the optimal q then
follows from Lemma 1.1.
In the case of part (b) of Example 1.1, note that g(q, n) is just a constant multiple of
4 (this is clear once the functional form of x = xnS has been substituted). Thus under the
hypotheses about g, it is again immediate from Lemma 1.1 that the optimal q is unique.
To complete the proof of the claims in Example 1.1, note that if f(q, m) is Poisson, then
the conditions of Lemma 1.7 are satisfied. In particular, if f(q, m) = e- (q)m,we have
that
- AI"(q)e - p(q) + lp'(q)2e-L (q) m = 0
P"(q)eI(q) [1 - p(q)] + p'(q)2e-p(q) [-2 + p(q)] m = 1
fqq(q, m)= , (q)m-1 (q)m (1.29)
_(m - 1)1 I!I 
>__2.E(m - 2)! (M - 1)! m!
An easy induction then verifies that
e-y1)u(q)m mAm = () m! - L"(q)e-(91) L(q)1
1=0
which is nonnegative since /"(q) < 0 and all other terms are nonnegative. Thus condition
(b) of Lemma 1.7 is satisfied. In the step function case, note that g(q, n) = ,= f(q, m) =
1 - f•mo (q, m), so by (1.29), it can be verified that gqq(q, 1) = e-1 ( q) [11"(q) - p'(q)2],
which is non-positive since p is nondecreasing and concave. If n > 2 then similarly
gqq(q, n) = e-I(q) 1(q)n 2 [(n- 1) - p(q) (1 ,(q)2 )](n - 1). "'(q)2
If x : q - p(q) 1 - •,-) q) is nondecreasing in q, then there is d E (0, oo] such that gqq(q, n)
is positive for q < d and non-positive for q > d, as claimed. Note that x(q) >) (q), so if
tL(q) - oo as q -4 co, then for q large enough, gqq(q, n) < 0, so that d < oo. O
Proof of Proposition 1.2. Suppose that C* and q* are as in the statement of the Proposition.
If v is the atomic measure that places mass l/q* on C* and zero mass on all other contracts,
h(m, C*) = m for all m E N, q(C*) = q* and q(C) is defined using Optimal Application
for all other C E D, and U* = p [-c + x o~ (m)f(q, m)], then it is easy to check that
({ {C*} v, {h(.}, q}, U*) is a feasible allocation.
Optimal Hiring is true by definition of h(.). Optimal Application is true by construction
of q(-). It remains to check that Profit Maximization and Free Entry hold. For the contract
C*, this is immediate from assumption (c) in the statement of the Proposition. Suppose
C E D is an arbitrary contract. By Optimal Application, either q(C) = 0 or q(C) > 0 and
1 00
q(C) Z W(m,h(m,C))f(q(C),m) = U* (1.30)
m=O
If q(C) = 0 then Profit Maximization is trivially satisfied as c > 0. Otherwise we know by
assumption (b) in the statement of the Proposition that
q(C) c + x (m)f(q(C),m) < - c + m z (m)f(q* m)] = U* (1.31)
It follows that the profit from posting the contract C is given by
II(C) = -c + [x(h(m, C)) - W(m, h(m, C))]f(q(C),m)
m=O
m=O m=O
< -c+ E x(m)f(q(C), m) - 1 W(m, h(m, C))f(q(C), m)
m=O m=O
. u* - U* = 0.
Here the second line follows since for all m E N, h(m, C) • m, so that x(m) Ž> x(h(m, C)),
and the third line follows from (1.30) and (1.31). Since C E D was arbitrary, this completes
the proof. O
Proof of Proposition 1.3. The proof consists of three steps. In step (a), I show that in any
equilibrium, any wage w posted by a positive mass of firms attracts a queue length q such
that (w, q) satisfies (1.11) and therefore maximizes the utility of workers subject to the zero
profit constraint for firms. In step (b), I show that if (w, q) satisfies (1.11), then there exists
an equilibrium in which all firms post w and attract queue length q. Finally, in step (c), I
show that the maximum in (1.11) exists.
(a) Let { {C, v, 7-, q} , U*} be an equilibrium. First, if w* E C, then it follows from Profit
Maximization (PM) that q(w*) > 0. Hence from Optimal Application (OA), it follows that
00
S(w) w*h(m,w*)f(q(w*),m) = U*. (1.32)
m=-o
Suppose that there exists 4 > 0 and ib E D such that
-S th(m, z)f (, m) > U*. (1.33)
q m=0
and
00
- c + 5 [x(h(m, zZb)) - th(m, wJi)]f(4, m) < 0. (1.34)
m=O
By OA, we also know that q(ib) = 0 or
() lvh(m,, ))f(q(b),m) U*; (1.35)
m=O
also, since V B C, by PM we know that
00
- c + [x(h(m, ?Z)) - 7bh(m, Zi)]f (q(zZ), m) < 0. (1.36)
m=O
Now, it follows from Optimal Hiring (OH) that x(h(m,w)) - wh(m, w) > 0 is weakly
increasing in m (this follows from the definition that h(m, w) maximizes x(h) - wh for
h E {0, 1,..., m}; increasing m increases the size of the set from which h can be chosen, and
so must weakly increase the value of the maximum). Moreover, if w < x(1) then h(1, w) = 1
and x(h(1, w)) - wh(1, w) > 0, while if w > x(1) then x(h(m, w)) - wh(m, w) = 0 for all
m. Now from (1.33), it follows that either U* = 0 (in which case the equilibrium is trivial
and no such contract w* exists), or wh(m, v) > 0 for some m, in which case ? E (0, (1)).
Thus x(h(m, wd)) - ýwvh(m, wi) is non-decreasing and strictly positive for all m ) 1. Since
g(q, m) is strictly increasing in q for m > 1, it follows that
00
q ' -c + [x(h(m, b)) - wJh(m, wi)]f (q, m)
m=O
00
= -c + {[x(h(m, )) - ibh(m, t)] - [x(h(m - 1, ')) - h(m - 1, t)]} g(q, m)
m=1
is strictly increasing in q. Comparing (1.34) and (1.36) then shows that q(wb) < •.
On the other hand, since the production function x(.) is concave, it follows from Optimal
Hiring (OH) that h(m, w) = min{m, m* }, where m* is the largest value of m for which the
marginal product of the mth worker is at least w (that is, x(m)-x(m-1) > w). Substituting
the functional form of h(m, w) and rearranging the summation shows that
oo m*(w)S wh(m, w)f(q,m) = w m) g(q,m)
m=0 m=1
Denote this expression by rc(q, w). By assumption, ti(q, w) is strictly concave in q for any
fixed w < x(1). Since g(0, m) = 0 for all m >, 1, also ,(0, w) = 0. Thus K(-, w) is a concave,
increasing function with <(0, w) = 0. It follows that
q - wh(m, w)f (q,m) (1.37)
m=0
is strictly decreasing in q. Comparing (1.33) and (1.35) then shows that 4 < q(wl). This con-
tradicts the earlier deduction that q(wi) < 4. Thus no such (q, wz) exists, so that (q(w*), w*)
solves (1.11).
(b) Suppose that (q*, w*) solves (1.11). Let v be the atomic measure that places mass
l/q* on w* and zero mass on all other wage contracts, h(m, w*) be determined by OH (so
that h(m,w*) = min{m,m*(w*)} where m*(w*) is defined as in part (a)), q(w*) = q* and
q(w) is defined using OA for all other w > 0, and U* = 1 [- c + E-o x(m)f(q, m)]. It
is easy to check that {{C*}, v, {h(-}, q} is a feasible allocation. I claim that, together with
utility level U*, it is also an equilibrium.
To see this, note that OH and OA are satisfied by construction. It remains to check
that PM holds. For the wage w*, this is immediate from the definition of (q*, w*). Suppose
w )> 0 is an arbitrary wage. By OA, either q(w) = 0 or q(w) > 0 and
q() wh(m, w)f(q(w), m) = U* (1.38)
m=O
If q(w) = 0 then PM is trivially satisfied as c > 0. Suppose that q(w) > 0, so that (1.38)
holds and w > 0, and suppose that PM fails. Then
00
-c + •[x(h(m, w)) - wh(m, w)]f(q(w), m) > 0.
m=O
Since the profit of the firm is continuous and increasing in the queue length, and is equal to
-c if q = 0, it follows by the intermediate value theorem that there exists a q' E (0, q(w))
such that
00
- c + E [x(h(m, w)) - wh(m, w)]f(q', m) = 0. (1.39)
m=O
By the argument that established that (1.37) is strictly decreasing in q, it follows from
(1.38) that
'1 E wh(m, w)f(q', m) > U*. (1.40)
m=O
Together, (1.39) and (1.40) contradict the assumption that (q*, w*) solves (1.11). Thus PM
is satisfied for the wage w. Since w > 0 was arbitrary, it follows that ({ {C*}, v, {h(}, q}, U*)
is an equilibrium.
(c) It remains to establish that the maximization problem in (1.11) always has a solu-
tion. The intuition for the argument is that the zero-profit constraint always defines a set
consisting of finitely many continuous curve segments, plus another set which may contain
infinitely many segments but where w is so low that utility cannot be maximized there.
The result then follows from standard properties of continuous functions. Figure 1-1 in the
main text may help to visualize the argument.
Suppose (qo, wo) satisfies the zero-profit constraint for firms, and let w = wop(qo, wo).
Then since w is a feasible expected utility level for workers, it follows that no firm can offer
w < w in any equilibrium. Now since limm--, o ) = 0, there is fm E N such that for w )> w
and m > mi, the firm would prefer to shut down than hire m workers at wage w (that is,
x(m) - wm < 0). Thus h(m, w) < 77 for all m E N and all w )> w, and h(m, w) = h(m, w)
for all m > in- and all w ;> w.
I
Next, fix m and note that w ý h(m, w) is a non-increasing function taking values in
N. (To see that h(m, -) is non-increasing, suppose that w' > w. Then by definition of
h(.), x(h(m, w)) - wh(m, w) > x(h(m, w')) - wh(m, w') and x(h(m, w')) - w'h(m, w') >
x(h(m, w)) - w'h(m, w). Rearranging these two inequalities gives that
w'[h(m, w) - h(m, w')] > x(h(m, w)) - x(h(m, w')) > w[h(m, w) - h(m, w')]
from which it follows that (w' - w)[h(m, w) - h(m, w')] > 0, so since w' > w it follows that
h(m, w) > h(m, w') as desired.) Therefore, h(m, -) has finitely many discontinuities; and
since h(m, w) - h(fm, w) for all m •> rm, it follows that there are only finitely many values of
w > w for which the function w - {x(h(m, w)) } o is not constant. Denote these values
by Wi < w2 < ... < WK-1, and set wo = w < wi and WK = supm c+() Then on each
set Sk -- R+ x [Wk, Wk+1], the function
(q, w) ý -c + E [x(h(m, w)) - wh(m, w)] f (q, m)
m=0
is continuous and decreasing in w for each q, so its zero set, that is, the firms' zero-profit
locus restricted to Sk, can be written as a set Zk = (O(w), w) where ¢ : [wk, Wk+1] 4 R +
is continuous. Since the functional u : (q, w) - wp(q, w) is continuous on Sk and Zk C Sk
is compact, it follows that u attains its maximum on Zk. Since there are only finitely
many such sets Zk, it follows that u attains its maximum on Uk Zk. Since no firm can
profitably offer a wage larger than wK and since by construction u is not maximized for
w < w, it follows that u attains its maximum also when (q, w) is allowed to vary over all of
R+ x R+ . O
Proof of Proposition 1.4. (i) Since in equilibrium w > 0, if limm-. [x(m) - x(m - 1)] = 0
then there exists m > 0 such that x(m) - x(m - 1) > w > 0. The claim now follows
from Corollary 1.2.
(ii) Suppose x is strictly concave. Choose w E (x(2) - x(1), x(1)) (so that because of
the concavity of x, h(m, w) = min{m, 1} for all m). Then choose q large enough
that wp(q, w) > x(2) - x(1) also. For c = [x(1) - w]g(q, 1), this (q, w) satisfies the
zero-profit condition. Thus if (q*, w*) is an equilibrium allocation then w*p(q*, w*) Z
wp(q, w) > x(2) - x(1), so in that allocation, h(m, w*) = min{m, 1} for all m also.
Thus the equilibrium is not efficient by Corollary 1.1.
Proof of Proposition 1.5. First, observe that the firm's optimal hiring policy is h(m, w) = n
if m > n and w < 1, and h(m, w) = 0 otherwise. Therefore the firm's zero-profit condition
is given by
- c + n(1 - w)g(q, n) = 0 (1.41)
and the worker's indifference curve takes the form
U = wng(q, n)
U= (1.42)q
Choose q* to be an efficient queue length, chosen to solve q* = argmaxq 1 [-c + ng(q, n)].
q* exists by Proposition 1.1. Then set w* = 1 - ng(*n) Clearly w* E (0, 1), so that
x(h(m, w*)) = x(m) for all m E N. Then it is easy to check that for the contract w* (that
is, W(m, h) = mw* and X(m) - N), the assumptions of Proposition 1.2 are satisfied. Thus
an efficient equilibrium exists as desired. O
Proof of Lemma 1.2. The proof consists of checking that under each of environments (B),
(C) and (D), there exists a contract that satisfies the conditions of Proposition 1.2 and is
therefore part of an efficient equilibrium.
Define q* to be an efficient queue length; that is, q* solves
max1 -c + (m) f (q, m) (1.43)
q>0 q
and the value of this expression evaluated at q = q* is nonnegative.
First, under environment (D) (when direct payment for applications is feasible), let C
be a contract under which W(m, h) = am and X(m) - N (that is, the firm commits to an
application payment a and no restriction on hiring). Thus x(h) = W(m, h) = z(h) - am
is maximized by setting h = m, so that h(m, C) = m for all m E N. Now choose a > 0 so
that condition (c) of Proposition 1.2 is satisfied: that is,
00
-c +± [x(m) - am]f(q*, m) = 0,
m=O
a = q* -c+ x(m)f (q*, m)]
m=0
Note a > 0 by definition of q*. It follows that contract C and queue length q* satisfies
the assumptions of Proposition 1.2, so that there exists an efficient equilibrium in which all
firms post C and attract queue length q*.
Next, environment (B) also allows the same contract C used under environment (D) to
be posted (by setting M = oo, or equivalently, X(m) = {m, m + 1,...}). Thus the same
allocation is again an efficient equilibrium.
Last, if lotteries are allowed as in environment (C), then consider a contract C in which
a wage lottery {wl, w2 ,...} is posted with no restriction on hiring (that is, X(m) - N).
Then note that W(m, m) = Em-1 wI for all m. Thus (C, q*) satisfies condition (a) of 1.2 if
hiring is efficient, which can be ensured if for each m,
0 < wm < x(m) - x(m - 1). (1.44)
Condition (b) is satisfied by definition of q*. Condition (c) requires that
- c + m x(m) - W] f(q*, m) = 0. (1.45)
To check that {wl, w2 ,...} can be chosen to satisfy both (1.44) and (1.45), rewrite (1.45)
as
c+ x(m)- x(m- 1) - wm] g(q*, m) = 0. (1.46)
m=0
The right side of (1.46) is continuous in each wage wl. wl. Setting w, = x(m) - x(m - 1)
for each IL E N makes side of (1.46) equal to -c < 0. Setting w1, = 0 for each AC E N
makes the left side of (1.46) equal to (1.43) which is nonnegative by assumption. Thus by
continuity, there exists a wage vector {wl, w2,...} satisfying both (1.44) and (1.45), and
therefore ensures that (C, q*) satisfied the hypotheses of Proposition 1.2. This completes
the proof. O
Proof of Theorem 1.1. (a) It follows from the concavity of x together with the accounting
identity (1.3) that
E x(m)f(q,m) < mx(1)f (q,m) = I(q)x(1) < qx(1). (1.47)
m=O m=0
Hence if v is a measure on [0, oo) satisfying foo q dv(q) = 1 then
-c + x(m) f (q, m) dv(q) < [-c + qx(1)] dv(q) < z(1).
It follows by the characterization of the efficient allocation in Proposition 1.1 that U*(c) •
x(1) for all c ) 0.
Next, by Proposition 1.3, if w and q satisfy
00
c = C [x(h(m, w)) - wh(m, w)]f (q, m) (1.48)
m=0
then
Ue(c) -c+ x(h(m, w))f (q,m) . (1.49)
m=0
Suppose that w E (x(2) - x(1),x(1)), so that h(m, w) = max{1,m}. Then (1.48) simplifies
to
c = [x(1) - w]f(q, 1). (1.50)
By assumption f(q, 1) is continuous in q and limq -+ Of(q, 1)/q = 1, so there exists an
open interval (0, C) and functions w, q : (0, C) - (0, oo) such that for each c, w(c) and q(c)
satisfy (1.50), and so that as c -- 0, we have that w(c) -- x(1), q(c) -+ 0 and q -*> 0. (One
possibility is to set q(c) = c1/ 2 and then use (1.50) to define w(c); it's easy to check the
assumptions on f ensure that w(c) is defined on an open interval (0, C) and that w(c) -+ x(1)
as c - 0.) In particular, by redefining C if necessary, assume without loss of generality
w(c) E (x(2) - x(1), x(1)) for c E (0, C). Then for each c, it follows from (1.49) that
1
Ue(c) _ [-c + x(1)f(q(c), 1)] (1.51)q(c)
- x(1) as c - 0.
Since we know that Ue(c) < U*(c) • x(1) for all c, the result follows immediately.
L
(b) Let 2 = limm,,, x(m). For each c E (0, 2), let q*(c) be a value of q in the support
of the measure v that solves the social planner's problem (1.6). I claim that q*(c) -- oo as
c --+ . To see this, first note that for each c, -c + EZC o x(m)f(q*(c), m) ; 0 (or else the
planner could do better by not having firms with queue lengths in some neighborhood of
q enter and by reallocating their workers to other firms). Now since EM=O f(q, m) = 1 by
(1.2) and x is nondecreasing, it follows that 'm o xo(m)f(q, m) < 2. Hence that as c -* ,
we must have that
00
Sx (m) f (q*(c), m) - . (1.52)
m=O
Since •m - f(q, m) = 1 by (1.2), the left side of the preceding expression is just a weighted
average of the values of x(m) for m E N. It follows that for any 1 E N, g(q*(c), 1) =
E•C l f(q*(c), m) --+ 1. However, from (1.3) we know that •'m mf (q*(c), m) = t(q* (c)).
It follows that
,I(q*(c)) 1 00
IE = 1 mf (q*(c),m) (q*(c),m) ((c),m) 1.
m=O m=1
Thus liminfc,. q*(c) > 1; but 1 E N was arbitrary, so L(q*(c)) -4 o0 as c - 2, so q*(c) -+ oo
as c --+ 2.
Proceeding similarly to the proof of part (a), it follows from Proposition 1.3 that if
(q, w)= (q*(c), (q* (c)) ) satisfy (1.48), then Ue(c) q*(c)(c) (c)p *(C), q*(c)U*(c). Hence
to establish the result, it suffices to show that (q*(c), (q*(c)) satisfy (1.48) and that
p q*(c), q*(Cc)) ) q*(c) - 1 as c -+ 0o. I establish each of these in turn.
It is convenient to rewrite the production function in terms of queue length by using the
identity g(q, m) = E"=m f(q, m) to obtain that
(q) = E x(m)f(q, m) = > (m)g(q,m).
m=O m= l
Here, ((m) - x(m) - x(m - 1) denotes the marginal product of the mth worker. This allows
the first-order condition for the efficient queue length, q*(c), to be expressed as
1
'(q*(c)) = (c) [-c + (q*(c))]. (1.53)
q*Sinc the right s de of thisexpression sprec ely the expression for social welfare, observe
Since the right side of this expression is precisely the expression for social welfare, observe
for future reference that U*(c) = O'(q*(c)), so that from (1.56),
q*(c)U* (c)
< ((s(q*(c))). (1.54)p/(q*(c))
Also, multiplying both sides of (1.53) by q*(c), it follows that
00
0 = - + E (m)g(q*(c), m) - q*(c)U*(c)
m=1
= -+ (m) - q (c)) g(q*(c), m)
m=1 ( q* (c)U(c) ((c),m)
• -c+ 0 max 0, (m) - qU*(c) g(q*(c),m) (1.55)
where the second equality follows from (1.3). It's easy to check that the right side of (1.55)
gives the profit of a firm offering wage q*(c)U*(c) with queue length q*(c); this is thereforegr(q* (c))
positive as desired.
Now suppose s : R+ -- N satisfies (1.14). Assume also without loss of generality that
00
lim f(q, m)= 1 (1.56)
m=s(q)
(Reducing s(q) only relaxes (1.14); since m/pl(q) converges almost surely to 1 by Lemma 1.8
below, it's possible to do this while still ensuring that s(q)/I(q) -- 1.) Then since the
probability of a worker being hired, p(q, w), is non-increasing in w, it follows from (1.54)
that
P *(Cq*(c)U*(c) q*(c) >q p(q*(c), ( (q (c)))) ()
ps(q*(c)) p(q*(c)) I(q*(c))
s (q* (c)) 1 q* (c)
q*(c)
m=s(q*(c))
where the last inequality follows since each firm that receives at least s(q*(c)) applicants
hires precisely s(q*(c)) of them. By assumption, the right side of equation (1.57) converges
to 1 as c -- oc and hence as q*(c) -- oo. This completes the proof of part (b).
If f(q, m) = e-Y(q)p(q)m/m!, then f(q, 1) = p(q)e-,(q). Hence f(q, 1)/q = e-A(q)A(q)/q.
If p(q)/q -+ 1 as q -- 0, then f(q, 1)/q -- 1 as claimed in part (a). To see that the
I
conditions in (b) are satisfied for f(q, m) = e-qqm/m! and for x(m) = Am" for A > 0 and
a E (0, 1) note that as m -> oo, ((m) = O(m-l 1), while by Lemma 1.8 below, as q -+ oo,
Pr( - 1 > e) = O(q-1/2(l+ 6)-q). Thus it's possible to choose s(q) so that s(q)/q -+ 1
slowly enough that (1.56) holds, but fast enough that E -ox(m)fq(q, m), which in the
Poisson case is equal to E'=0 o(m + 1)f (q, m), can be bounded in terms of ((s(q)). To see
this more formally, for each e > 0, let 0(e) be such that for all q > 0(e),
1f (q, m) < [(([Lq(1 - 2e])) - ((Lq(l - eJ))] . (1.58)
Ml- >E
Here [tj denotes the largest integer not less than t. It is possible to satisfy (1.58) since
(([q(l - 2e)]) - ((Lq(1 - e)J) = O(q c - 1 ) for fixed e > 0. Next, for each q > 0, set
s(q) = q[1 - 26(q)], where e(q) is the least e > 0 such that O(e) < q. Clearly s(q)/q -- 1
and •q) f (q, m) > 1 as q - oo. Finally, if q > 0 and e = 6(q), then
S(m + 1)f (q,m) ( •(1) f(q, m) + (m + 1)f (q, m)
m=0 M -1 >E -1 <6
( [(L[q(1 - 2e)j) - ((Lq(1 - e)J)] + (([q(1 - e)J) = ((s(q)).
This completes the proof. O
Lemma 1.8. Suppose the coordination friction takes the Poisson functional form f (q, m) =
e-m. Then as q - oo,
Pr( - 1 > = O(q-1/2(1 + ).
q
In particular, - - 1 almost surely as q -- co.
Proof of Lemma 1.8. Let e > 0. For i = 0, 1, 2, let si denote the least integer greater than
m (1 m!
m>(1+2e)q
-q q q2
= -82! + +..
qS2  82 1 (s2 +1)(s82 + 2)
-q qS2 q )j
- S2! s 8-,2 + 1j=0
1q e-qqso s -1 )  (82 -1
q
1 --1 n=so m=sl
1 + 2E e-qqso
2e so!
1s1-so 1 -
1 + 2E e-qqso
2E(1 + 6)Eq-1 so! (1.59)
Also, for i = 0, 1, 2 let ti denote the greatest integer less than (1 - iE)q. Then similarly we
have
e-q qm e-q
m! -- t2 l 1 + +..St2 +q 2 - 1)q2q q2
t 2! j=
1 e-qqto
1 -~a to!q
(t to-1 m
m=t2 1 m=ti +l
21 e-qqto (1 - E)tl-t2 . to-t-12E to!
(1 - e)Eq - 1 e-qqt o
2E to!
(1.60)
Finally, since q - 1 < to < q < so < q + 1, it follows that for q sufficiently large, also
max Ie-
so!
e-qqto }
t 0o1
1 e-qq
2 r(q + 1) (1.61)
where F denotes Euler's gamma function. From (1.59), (1.60), and (1.61) it now follows
that
1+ 2e
2e(1 + E)Eq-1
(1 - e)2q-l e-q qq
r(q + 1)
-+0 as q -oo.
(1 + ie)q. Then
E
m<1-2e)q
(1.62){m }Pr q ý [(1 - 26)q, (1 + 2E)q] <q I
To see that m/q -÷ 1 almost surely as q -* oo note that as q -- co, also (1 + e),q -- 0o,
(1- 6)Eq -- 0, and from Stirling's formula, Vý'2q -, 1 so that 0-q O. Also, since
1 - e < , the right side of (1.62) is O(q-1/ 2(1 + E) -Eq) as claimed. This completes the
proof. O
Proof of Proposition 1.6. Suppose that I -+ 1 almost surely as q 0 co. Then for any e > 0
there is a Q = Q(e) > 0 such that for all q > Q,
Pr E [ 1- e,1 + 6] >1-6.
and hence a fortiori
Pr [m ) (1 - e)q] > 1 - e;
that is,
g(q, (1 - e)q) - f(q,m) > l - E.
m)(1-E)q
Now let v = v(E) E N be any integer such that v > (1 -6)Q(E); then by the above inequality
it follows that
g( , v) > 1 - E. (1.63)
Finally, for each n E N, let An = inf n > (1 - e)Q(e)}. Then by (1.63) and continuity,
it follows that the sequence {An}n= 1 satisfies An -- 1 and g(Ann, n) -* 1 as n - oo. It
then follows from the form of the production function and the optimal hiring decision of
firms that pn(Ann, w) - 1 for any w < 1 as n -- oo. (Here Pn(q, w) denotes a worker's
probability of being hired by a firm with production function xS when it pays wage w
and the queue length is q.) Then, using Proposition 1.3 to observe that the equilibrium
qS maximizes workers' surplus, given by g(q,n)n-nci a [g(q, n) - cl]. It follows that the
equilibrium queue length qS must satisfy
1 n
qS [ng(q , n) - ncl] > n [g(Ann, n) - cl] -+ 1 - c. (1.64)
Since firms making nonnegative profits cannot pay wages higher than 1 - cl and cannot
do so with probability greater than one, it follows immediately that wS -* 1 - Cl and
p(qS, w s ) - 1 as n -+ co. Finally, if p(qS, wS) -- 1, then since firms hire no more than n
workers, it follows that lim supn = 1; but then from the zero-profit condition and (1.64)
it follows also that firms must produce with probability approaching 1 as n --+ oo. That
is, g(qs, n) - 1 as n - oc0 and lim infn = 1. This completes the proof of the general
statements.
Finally, that m -+ 1 almost surely as q - oc when f(q, m) =- - is established in
Lemma 1.8. O
Proof of Proposition 1.7. The operator associated with the planner's Bellman equation
(1.17) is defined by V ' TV, where
TV(do, dl,...) =
max -ce+ f(q, l)x(m +1) dm(q) + V(d,d ,...) •
e,{mM} =0 1=0
It is clear that T : B(X) - B(X) since x is bounded, E'=o f(q, 1) = 1 and fo" dum(q) = 1,
O < do < D, and Em=O mdm < 1. It is also clear that T is monotonic and discounting
on B(X), so by Blackwell's conditions for a contraction (Stokey and Lucas with Prescott,
1989, Theorem 3.3) and the the contraction mapping theorem T has a unique fixed point.
Call this fixed point V*.
Next, let {dm,t} be any feasible plan in the sequence formulation of the planner's problem
(1.16a). Then since do,t < D for all t > 0, it follows that there is also some bound E > 0
such that et < E for all t. (Specifically, if et firms enter at time t, then at least (1- A)(et - 1)
of these firms survive to time t + 1 and do not employ any workers, since the population
is fixed at 1 and so no more than a mass 1 of firms can employ anybody.) Thus taking
E = 1 + D/(1 - A) is sufficient. It follows that for each t,
-E -cet + dm,t f(q, 1)x(m + ) dum,t(q) max "
m=O -0 =0 1EN '
the maximum on the right exists because x is bounded. Hence limt,_o, /tV(do,t, dl,t,...) =
0, so by Theorem 4.3 of Stokey and Lucas with Prescott (1989), V* gives the value of the
sequence problem (1.16a).
The continuity of V* follows from the same argument used to prove Theorem 4.6 in
Stokey and Lucas with Prescott (1989). It is necessary to apply a slight generalization of
the Theorem of the Maximum to this setting (that Theorem does not directly apply since
X is infinite dimensional but the same proof applies). O
Proof of Proposition 1.8. The fact that no efficient equilibrium exists in general under con-
tracting environments (Al) and (A2) is immediate from Corollary 1.3. O
Proof of Proposition 1.9. I establish the result for the steady-state for simplicity; generaliz-
ing to non-steady-state allocations is not difficult but complicates the notation. Let Ue be
the marginal value of an unemployed worker in the efficient allocation (that is, the Lagrange
multiplier on equation (1.16e)). Let IIe be defined recursively by HIe(0) = c and
He(m)= max -(q+m-¢)Ue+ -: [x(m-¢+l)+3(1-A)HeI(m-b+1)]f(q,l)}.
qe{o,...,m} 1=0 (1.65)
Let q(m) and 0(m) be the associated policy functions. (Equation (1.65) is the Bellman
equation that characterizes the value of a firm that is constrained to hire all its applicants
and pay Ue to each applicant and each already-hired worker that it does not fire. To
establish existence and uniqueness of the solution, first observe that the operator associated
with the Bellman equation is monotonic and discounting. Blackwell's conditions show
that the Bellman operator is a contraction on the space of bounded functions B(N). The
result then follows from the contraction mapping theorem. Finally, the assumptions on
the production function and the matching friction ensure by the proof of Example 1.1 that
q F- E••o x(m + 1)f(q, 1) is concave; the usual argument ensures the same is true of He.)
In addition, choose the contract offers C of firms so that Wn(m, 1, h) = q(m)Ue and
Wo(m, 1, h) = mUe (except for firms which fire workers in equilibrium; for these firms,
Wo(m,1,h) = (m - 0(m))Ue), and so that hiring is not constrained ex ante (that is,
X(m, 1) - N). This can be done in each of environments (B), (C) and (D) according to
the constructions given in the proof of Lemma 1.2. Finally, choose the hiring policies of
each firm to be h(m, 1, C) = 1 (that is, all applicants are hired, at least for one period). To
complete the definition of an allocation, choose {dm}, {dm}, and e to satisfy the accounting
constraints (1.15) given the hiring and firing policies of firms, and let v, be atomic on q(m)
for each m E N. Finally, assume that workers apply only to jobs from which the expect
payment is at least Ue , and quit jobs that pay wages less than this.
It is not difficult to check that this defines an equilibrium; indeed, Optimal Hiring
and Optimal Application are true by construction. Profit Maximization and Free Entry
follow since HIe(.) - II(.) by construction, after the hiring and firing policies of firms are
substituted. The allocation is clearly efficient since the utility received by workers is Ue.
To check that no firm can profitably post a different contract then relies on the obvious
generalization of Proposition 1.2 to the dynamic setting. O
Proof of Theorem 1.2. The plan of the proof is as follows. I first define and characterize
the continuous-time competitive search economy with matching friction /(q). Next, I show
that for small period lengths s, the discrete time economies with wage posting when the
period length is s converge to this economy, in a sense to be made precise below. I then
show that under an efficient contracting environment, the limit economy is the same; this
suffices to establish the result. I give the proof for steady state equilibria only; the proof
for arbitrary initial conditions is conceptually very similar, but the notation is substantially
more complicated.
First, it is necessary to define an allocation and an equilibrium in continuous time.
These definitions are analogous in the obvious way to the definitions in discrete time.
Definition 1.4. A steady-state allocation with wage posting in continuous time is a tuple
{(dm)mo, e, W, (vm)m o, q, U1
where
* for each m E N, dm is the mass of active firms with m workers already hired;
* e is the mass of firms per unit time that pay the entry cost to become active;
* W C R+ is the set of wages offered by firms;
* for each m E N, vm E B(W) is a measure on W such that for each W' C W, the mass
of firms with m workers already hired and offering a wage w E W' is given by vm(W),
and satisfying
Vm(R + \ W) = 0 and Vm(R + ) = dm;
* q : R + -- R + is the function mapping wage offers to queues; and
* U is the flow equilibrium utility of workers.
I
An steady-state allocation is feasible if
1 = dmm m + qfp(q(w)) dvm(w) , (1.66a)
00
e = A E dm (1.66b)
m=0O
dm-1i I (q(w))duvm-l(w) = dm A + p(q(w)) dvm(w) Vm> 1 (1.66c)
Note that (1.66) requires that the number of workers employed at firms plus those
queueing equal the population, that the number of firms entering equal the number of firms
exiting due to exogenous destruction, and that the rate at which new firms of size m are
created equal the rate at which they are destroyed, for each m ) 1.
Next, analogously to Definition 1.3, I can define a continuous time competitive search
equilibrium as follows.
Definition 1.5. A continuous time steady-state competitive search equilibrium is a feasible
steady-state allocation
{(dm)oo , e, W, (vm)o 0 , q, U}
together with a function HI : N --+ R + satisfying the following conditions:
(a) Profit Maximization and Optimal Firing: Vm E N such that x(m + 1) - x(m) ;> U,
rHC(m) = max {x(m) + IL(q(w)) [IIc(m + 1) - I1C(m) - w] - mU - AH1C(m)}
w)>0
(1.67a)
with equality for each w E W for some m E N with dm,t > 0,
and Vm E N such that x(m + 1) - x(m) < U, IIC(m) = maxo0<gm lc(l);
(b) Free Entry: IIC(0) < c;
(c) Optimal Application: VC E ),
wti(q(w))/q(w) < U and q(w) > 0 (1.67b)
with complementary slackness;
It is useful to establish some results about the profit function IIc(m) in equilibrium.
First, observe that by Optimal Application, if Wm is a wage offered by a firm with m
already-hired workers in equilibrium, then pi(q(w))w = q(w)U; thus (1.67a) can be rewritten
as
(r + A)Hc(m) = x(m) + max {f(q) [IIC(m + 1) - HIc(m)] - (m + q)U} . (1.68)q,>0
Since 1L is strictly increasing, continuously differentiable and strictly concave, the first-order
condition for q is necessary and sufficient, provided that a solution exists. This means that
(1.68) can be further simplified in this case as
(r + A)HIC(m) = x(m) + {p(qm) [J7C(m + 1) - Ic(m)] - (m + qm)U} (1.69)
U = p'(qm) [HC(m + 1) - IIn(m)] . (1.70)
If no solution to the first-order condition (1.70) exists, then U > /1'(0) [IIC(m + 1) - IIc(m)],
and qm = 0. Substituting this in (1.69) establishes that (r + A)HC(m) = x(m) - mU.
Next, let m* E N be such that x(m*) - x(m* - 1) > 4 ) > x(m* + 1) - x(m*); such
an m* exists whenever U > 0 since limm,,,oo x(m)/m = 0 and x(-) is strictly increasing and
strictly concave. I assume that m* >, 1: otherwise it is efficient to have no entry, U = 0,
and the equilibrium is trivial. Then it is immediate that for m > m*, Hc(m) = x(m*)-m*U
r+A
and that qm > 0 iff m < m* - 1. It is also possible to check that HII is concave in m. To
see this, suppose to the contrary that there is m > 0 such that
Hc(m + 1) - 211c(m) + HC(m - 1) > 0. (1.71)
Let ih be the largest value of m such that this is true, and note that 7h < m*. By maximality
of m12, it follows that Hc(r1+2)-Hc(ri?+1) > HC(rh - 1) -Ic(rh). Define a function X : R R-
by x(V) = maxq>o P(q)V - qU; it is easy to check that X is nondecreasing. From (1.69) for
m E {2 - 1, r, riz + 1}, it follows that
C( + A) [c( + 1) - 2C(1) + HC( - 1)] = T + T2 + T3
where
T1 = x(rin + 1) - 2x(r() + x(? - 1) < 0,
T2 = X(IC(mh + 2) - HC(r$m + 1)) - X(IIc(7 + 1) - HC(rh)) < 0,
and T 3 = x(HC( ri) - IIC(rin - 1)) - x(HC(rf2 + 1) - HC(r$m)) < 0.
Thus HC(7i2 + 1) - 2HC(riM) + HC(r? - 1), which contradicts (1.71) for m = in^. Thus HC is
concave in m.
Finally, consider the system Sc of 2m* equations given by (1.69) and (1.70) for 0 ( m <
m* - 1 (and taking U and Hc(m*) for the moment as parameters). The Jacobian of Sc
with respect to (cII(0), qo, ... , H(m * - 1), qm*-1) takes a block diagonal form, so it is not
difficult to verify that its determinant is given by
m*-l1
Umr* H (r + A + I(qm)) #'(qm)
m=O #'(Qm)
This is nonzero by construction of m*, together with the strict concavity of it. The implicit
function theorem therefore allows me to write HII(0) locally (in a neighborhood of the
solution) as a function of U and parameters, and to verify that
dHIC(0) -1 1(qo) (1 + ql)
dU r + A + l(qo) Iq + 1 + q(1)
By concavity of HIc and the assumption that m* > 1, it follows that ILC(1) - IIC(0) > u
Thus from the first-order condition (1.70), it follows that qgo > 0. Moreover, if HC(1) - H~I(0)
is bounded away from zero (equivalently, if p'(0)x(1)  - U is bounded away from zero,
or if U - '(0) 1 + )x(1) is bounded away from zero), then dHc(O)/dU is bounded
away from zero also. Note that the equilibrium value of utility U = Uc is that value of U
that implies that the zero profit condition, He(o) = c, holds. Since dHlI(O)/dU is negative
and bounded away from zero, such a U exists and is unique.
Now I return to considering the discrete time case. Let the period length be s. Under
the assumptions on the queueing function f, the probability that a worker is employed
·____ __ L II_~_~
conditional on applying to a wage w satisfies
1 00iXq )
Ps(q, w) = 1 h(m)f(q, m, s) >) + O(s2q q
m=1
provided that w is low enough that the firm wishes to hire at least one additional worker
at wage w if it receives at least one applicant (that is, h(m) > 1 for m > 1). On the other
hand, also
pS(q, w) C mf(q, m, s) s(q) + O(s 2);
q q
m=l
thus p (q, w) = P) + O(s2). It then follows from Optimal Application that the wage the
firm must offer in order to attract a queue length q is given by
w(q,s) = (s + O( 2 )  sU = qU (1.72)q A(q)
where the last equality holds if lim inf,, 0 lz(q)/q > 0; that is, if q is bounded as s -> 0.
I can therefore write the Bellman equation for a firm with m previously-hired workers
and that does not wish to fire any workers as
II 8(m) = max O(s2) - msU + [sx(m) + fs(1 - A)sHs(m)] [1 - sp(q) + O(s2)]
+ [sx(m+1) qU +,(1 - A)II,(m + 1) + 0(s)] [sl (q) + -O 2)] }
(1.73)
It follows that q = q,(m) solves q,(m) = argmaxq {JI(q) [II,(m + 1) - II(m)] - qU + O(s)}.
By the strict concavity of I, and provided that U > 0 and lim inf [II, (m + 1) - H,(m)] > 0,s--*0
it follows that
p'(q (m)) [11 (m + 1) - Is,(m)] = U + 0(s). (1.74)
We can also simplify the Bellman equation (1.73) by discarding higher-order terms, to
obtain that
(r + A + p(qs(m))II,(m) = x(m) - (m + q)U + L(qs(m))II(m + 1) + O(s). (1.75)
In particular, for m > m*, it follows that II,(m) = x(m*)-mU + 0(s).
Now, consider the system S, of 2m* equations produced by taking (1.74) and (1.75)
for 0 < m < m*. As s -* 0, the Jacobian converges element-wise to the Jacobian of the
continuous time analog, Sc. By continuity of the determinant of a matrix in the entries,
it follows that there is an interval I = (0, ,) such that if s E I, then the Jacobian of S,
is invertible. In this case the implicit function theorem can be applied to Ss to express
(H(0), qs(0),... ,HI,(m* - 1),q,(m* - 1)) as a function F,(U, H,(m*)). The mapping v :
I -+ C(R+2) defined by s - F, is continuous (with respect to the uniform norm on C(R+2)).
As in the continuous case, one can check that dII,(O)/dU is bounded away from zero; it is
easy to see this bound can be chosen uniform for s E I. Thus, there is a U = Ue(s) such
that the free entry condition IH,(0) = c is satisfied; this Ue(s) is the value of equilibrium
welfare. It follows from the continuity of v that lim,,o Ue(s) = UC.
Finally, consider the equilibrium under a contracting environment in which hiring is
efficient (for example, environment (D)), and therefore in which the equilibrium is efficient.
An almost identical argument to the preceding case shows that also in this case, welfare
U*(s) satisfies lims-,o U*(s) = UC. Finally, if supra -c + > 0, then it is easy to verify
that U ' > 0. Thus lim,,o A(s) = lims__o(U*(s) - Ue(s)/U*(s) = 0. This completes the
proof of the Theorem. O
Proof of Lemma 1.4. Suppose - = r(n, p, w) satisfies single-crossing. Choose nl > no E N,
and let i' be a wage that it is optimal for the firm with no workers to post in equilibrium.
Suppose that 3 is the corresponding probability with which a worker applying to the wage
dC is employed. Let w' > w, and suppose that w' is small enough that there exists a p' < 3
such that (r(no,p', w') = -kr(no,3 , 7). Since vi is optimal, it follows by the continuity of i
that p'w' < Pdo. Next, choose w" so that Tr(nl, p', w") = (r(ni,, P, ). By single-crossing, it
follows that w" < w'.
First suppose that w" = w'. Let w E (do, w'), and for i E {0, 1}, choose pi such
that Ir(niii, j, ) = Tr(ni,3P, wo) = r(ni, p', w'). By single-crossing with respect to (3, 'i) and
w > ib, it follows that i0 > Pi. However, by single-crossing with respect to (p', w') and
Iw < w', it follows that po < p1. This is impossible; hence w" < w'.
It follows that
ir(njl, zi9/w', w') • *(ni, p', w') < r(nl, p', w") = '(nl, ,ib), (1.76)
where I have used successively that r is non-increasing in p and p'w<' (f b, thati is strictly
decreasing in w and w" < w', and the definition of w". But if 7b and w' were both wages
offered in equilibrium, then it follows from worker optimization that the probability of
obtaining a job paying w' must be f3i/w". Thus it follows from (1.76) that the firm with
nl previously-hired workers strictly prefers to offer the wage i rather than wl. But wl > i^
was arbitrary, subject only to the constraint of not being so large that even the firm with no
workers already hired would always find *r(no, P, b) > -r(no, s, wl) for any s, which would
mean that a fortiori the same would be true for the firm with nl workers. It follows that any
wage posted in equilibrium by the firm with ni workers already hired must be no greater
than 7b. Since no, n1 , and i were arbitrary, the result follows. O
Proof of Lemma 1.5. First, observe that if some firm with m, workers already hired is at
some wage w indifferent between hiring k workers or k + 1 workers, then another firm
with m 2 workers already hired will be indifferent between hiring k + m2 - mi workers or
k + m2 - m 1 + 1 workers (whenever k + m 2 > mi). Thus the wages at which the isoprofit
locus is discontinuous do not depend on the number of workers previously hired by the
firm. Therefore, to establish the result, it suffices to establish two facts. First, I show that
if attention is restricted to some wage interval (wi, w2) in which the firm's hiring policy is
constant, then single-crossing is satisfied. Next, I show that at a wage w at which the firm
is indifferent about hiring an extra worker, the size of the jump in p in the isoprofit curve is
increasing in the number of workers already hired. An inductive argument then completes
the proof.
Suppose that wl < w2 and mh E N are such that whenever w E (wl, w2), the marginal
value to the firm of having an additional worker employed, II(1) - II(1 - 1), is positive for
1 < mh and negative for 1 > fm. I first need to provide a simple expression for 7r(n, q, w) and
p(n, q), the profit of the firm and the employment probability of the worker when the queue
length is q and the posted wage is w.
Any firm with n workers already employed will be willing to hire up to fm- n workers if it
has posted some wage w E (wl, w2). Therefore if the queue length it attracts in equilibrium
is q, then the firm's profit function can be written
00
r(n, q, w) = E [II(n + min{l, m - n}) - w min{l, ih - n}] f(q, 1). (1.77)
I=0
Define : N -> R+ to be the marginal product, given by 6(m) = I(m) - II(m - 1).
Then writing II(n + 1) = II(n) + E. 1=n+l (u) and reversing the order of summation, I can
rewrite (1.77) as
, w) = (n) [-n
ir(n, q, w) = 11(n) + 1 [((n + 1) - ,w]g(q, 1), (1.78)
or, using the inverse function notation introduced in the text,
m-n
ii (n,p, w) = II(n) + [((n + 1) - rw]g(q -n(p), 1)
l=1
Next, the worker's employment probability is given by
(1.79)
1 00
p(n, q) = min{l, fn - n}f(q, 1)
1=1
(1.80)
m-n
- q g(q,l)
q=1
According to the Poisson assumption, g(q, 1) = 1-e-q Z= o q'/i!. Hence, where k =
1p(n, q) =
q
_(k O q"(-1)L
+ O(qk+2) (k - )q"v
· ·((·=·,E V! (1.81)
The product of the two summations in parentheses on the right is a power series in which
the constant term is k. For 1 E {1, 2,..., k}, the coefficient on the term in qI is
k - 1 + i
i=O
= (k - 1)(1 - 1)' - (1 -1)-1
10
1=1
1 <l1 s k,
where the second line follows from the binomial theorem. A similar calculation shows the
coefficient on the qk+l term is 1/(k + 1)! + (k - (k + 1))(1 - 1)k+ l - (1 - 1)k = 1/(k + 1)!.
Thus
1[ qk+l
p(n,q) = - (k-q+ ( + )! + O(qk+2))Jq (k + 1)! 1
1- qk
= 1 + O(qk+l).
(k + 1)! (1.82)
(-1) 1 (-1)i
i=0 (1 - •)!i! = (1 - i)! (i - 1)!
k-1
_ 
-- (k - v)qv
- eV! Iv!
v,=0
For later use, note that since p(n, q) is analytic in a neighborhood of q = 0, it follows from
the Lagrange inversion formula (Whittaker and Watson, 1927, §7.32) that I can write
q = (k + 1)!1/k(l - p) 1/k + O((1 - p)2/k). (1.83)
Also for later use, note that p - E~=- gq(q, 1) > 0 for all q > 0. To see this, differentiate
the functional form for g(q, 1) to obtain gq(q, 1) = e-qql-1/(l - 1)!. Hence
-n k- (k - ,)q k-1 q
q - gq(q,) = k - e - - e
/=1 v=O v=0
Skq
u!
v=0
= k g(q,k + 1) > 0. (1.84)
Finally, from the functional form for gq(q, m) and the Taylor series for e-q, it follows that
for any I > 1, =1 gq(q, s) =p (-1) -1 t. We know that e-qeq = 1, so
E"o o )Sqs  -- - 1.39 It follows by comparing coefficients that
Sq1
gq(q,s) = 1 - + O(ql+'). (1.85)
s=1
Next, the argument used to prove Theorem 3.1 in Athey, Milgrom, and Roberts (1998)
shows that to prove single-crossing, it suffices to show that
irp (n, p, w)
rw (n, p, w)
is decreasing in n for fixed (p,w) (subscripts denote partial derivatives). Using (1.79),
it follows that irp(n,p,w) = EI [n [ (n + 1) - KW] gq(q, 1) -4- qm-n (p), and ii•(n, p,w) =
m--
-a~ Z1=n g(q,-n(p), 1). To simplify further, use the rule for the derivative of an inverse
function to see that Aqp-n(p) = 1/A p,-n(q), where q = q,-n(p). From (1.80), it follows
that
m-nd 1 m-n -dpm-n(q) = 1 gq(q,1) Z((qq,) = 1 g (q, p(
3 9The radius of convergence for all these power series is infinite.
It follows that
p (np, -w) _ m~=n [(n + 1) - Kw]gq(q, 1) 1
?i,(n, p,wtq) 9 [E-_ng (q, )_p] -nE'• ' g(q,l)
1 C-j'n[((n + 1) - Kw]gq(q, 1)
S[-, tm1n gq(q,1)]
using the expression for p from (1.80), together with (1.84) to assure that the denominator
is positive. Now, since H is concave, ý is decreasing, and by assumption, ((n + 1) - rw
is nonnegative for all 1 < m - n. The space of all decreasing nonnegative functions on
{1,2,...,mi-n} is a cone spanned by the indicator functions 1(1 < 1), 1(1 ( 2), ... ,
1(1 < mf - n), so it suffices to establish the result when ((-) - Iw takes the form of one of
these functions. It therefore suffices to show that
E'1=1 gq(q, 1) E,_n gq(qfr-n(P),1)T(s,n) =-n1=1-n
P - -- n g (q, 1) p - gq(q,-n(p),1)
is increasing in n for each s E {n + 1, n + 2, ... , mi} and for p fixed. However, it follows
from (1.83) and (1.85) that
8-n1 -(mn-n+1), (1-p)• O((1 -p))S(s-n )
T(s, n) = n
p- 1-- (f- n + 1)(1-- p) + 0((1-- p)+m-- )]
1 1 -
=n + O((1 - p)-) .
m-n 1- p
This is increasing in n for p < 1 sufficiently large. The precise bound depends on mh, but a
uniform bound may be obtained by taking the maximum bound as fh varies. The set over
which fn varies can be taken as finite since limm-,,o (m) = 0 by assumption; moreover, no
wage less than the equilibrium per period value of being an unemployed worker, U, will be
posted in equilibrium, so in < max{m I ((m) - U > 0}.
To complete the proof of Lemma 1.5, I also need to show that at a wage w at which the
firm is indifferent about hiring an extra worker, the length of the horizontal segment in the
isoprofit curve is increasing in the number of workers already hired. Since the horizontal
segment is part of the isoprofit curve, the queue length q does not change along this segment.
It therefore suffices to show that for p < 1 sufficiently large and ni > n2, if q, 4 > 0 are such
that p = Pi--n1 (q) = Pm-n2 (q), then P-,-n-l(q) < P--n 2 -1(4). To save notation, write
_ _____ ·1_1
k, = ih - nl and k2 = - n2, and observe that kI < k 2 .
From (1.83) it follows that
q = (kl+ 1)! k (1 - p) + O (1-p)j
Composing this with (1.82) implies that
k -1
(ki + 1)! ki )k-1
Pk-l(q) k ! (1-p) k•1 +O(1- p).
Similarly,
k2-1(k2 + 1)! k2 k2 -1Pk2-1(q)= k2! p) k2 + O(1 - p).
k 2 -1 k1 -1Since kI < k2 , it follows that k 1 1 < k2-1. Thus (1 - p) k2 = o((1 - p) k ) as p -+ 1, so
that for p < 1 sufficiently large, Pkl-1(q) < Pk2 -1(q) as desired.
To complete the proof that i satisfies single-crossing, formally I need to show that
#(n,p, w) is non-increasing in p and strictly decreasing in w, and if whenever no < nl,
0 < w, w' and p,Po,pi E (0, 1) are such that #i(no,p, w) = Ti(no,Po, w') and #(nl,p, w) =
-i(nl,pl,w'), then if w < w', then po > P, and if w > w', then po < Pl. The first two
properties are easy to check. Therefore, suppose no < nl, and choose w > 0. Denote the
sequence of wages greater than w at which the firm is indifferent about hiring an additional
worker by wl < w2 < ....
First suppose that w' > w is sufficiently small that both w and w' lie in an interval in
which the firm's hiring policy is constant (that is, w < w' < wi). If P, Po, pi (0, 1) are
such that i(no,p, w) = ir(no,po, w') and i(nl,p, w) = #(nl,pl, w'), then it follows by the
single-crossing result already shown in this case that P0o > pl.
Now suppose for some n > 1 that whenever w' < wn and p,Po,pl E (0, 1) are such that
i(no, p, w) = ii(no,Po, w') and -i(nli,p, w) = i(nl, pl, w'), then po > Pl. Then I can choose
Po > 1l such that -k(nO,p, w) = i(no, o, Wn) and i(nl,p, w) = #i(nl, i, wn). As the wage
increases from wn to w', there is first a discontinuity in the two isoprofit curves when the
wage equals wn. Chose fi0 so that lim __+ #ri(no, o, w) = i#(no,p, w), and choose pi so that
lim •__+ ii(nl, pl, w) = i#(ni,0o, wn). I showed above that the size of the discontinuity in
the isoprofit curves is increasing in n; therefore p0 > pi.
Next, r satisfies single-crossing on the interval (wn, w') in which the firm's hiring policy
does not change as the wage changes. Hence if Po and s are chosen such that iý(no, Po, w') =
*(no,p, w) and ri(nl,s, w') = lim , R+ r((nlio, w), then Po < s. Since F is non-increasing
in the worker's probability of being hired, it follows that ~r(nl,p, w) = ~i(nl,i1, wn)
(niPo, n)- m + > limipw) ~  + -(nil,Po, w) = Tr(ni,s, w'). Thus if pi is
chosen so that i(nl, pl, w') = #i(nl, p, w), then pl < s. It follows that pl < Po0.
Since w' E (wn, wn+l] was arbitrary, and then since n E N was arbitrary, this completes
the proof by mathematical induction. This also completes the proof of Lemma 1.5. O
Proof of Theorem 1.3. Since the queueing friction is Poisson and the production function x
is concave, it follows as in the proof of Example 1.1 that q - E-o x(m+l)f (q, 1) is concave,
and therefore, using the standard contraction mapping argument, the value function of the
firm II is also concave. Since x is bounded, it also follows that limm,,,oo H(m) -II(m- 1) = 0.
It therefore follows from Lemma 1.5 that there is a i < 1 such that the profit function
Fr(n,p, w) satisfies single-crossing. Note from the proof of that Lemma that the bound P
depends only on the maximum number of workers ih that would be employed by the firm
in equilibrium, and does not depend on the value function I in any other way. Moreover,
the bound p decreases weakly as fh decreases. Now as the entry cost c > 0 decreases,
it is not difficult to check that the number of firms entering increases and the value of
being an unemployed worker, U, increases. In particular, it follows that as c decreases, also
mn decreases, while the probability with which workers find a job at any wage posted in
equilibrium converges to 1. Thus over the set of (p, w) that arise in equilibrium, r satisfies
single-crossing. The claim then follows from Lemma 1.4. O
Chapter 2
Fluctuations and Multi-worker
Firms under Competitive Search
2.1 Introduction
Vacancies and unemployment are negatively correlated in the short run, and both vary
substantially over the business cycle. In an important paper, Shimer (2005b) points out
that while standard search models of the labor market produce fluctuations in vacancies,
unemployment, and wages that qualitatively match the empirical evidence, the amplitude of
empirical fluctuations in these variables cannot be explained by these models.1 This paper
investigates the question of whether the same is true of the model introduced in Chapter 1
of this thesis, in which firms wish to employ multiple workers and have production functions
that are concave in the number of workers employed.
The intuition for expecting that a model with firms that wish to employ multiple workers
might amplify the response of unemployment and vacancies to productivity shocks is that in
such a setting, some counterfactual identification assumptions imposed by the benchmark
model are relaxed. In the benchmark model, the assumption that each firm wishes to
employ precisely one worker means that there is no intensive margin for firms to adjust
employment in response to productivity shocks. Endogenous changes in the size of firms in
response to productivity shocks might provide an additional channel for such shocks to affect
aggregate employment, and this might lead to amplification. Since the entry of new firms
1See also Hall (2003).
will also vary in response to an alteration in hiring policies, the general equilibrium effect of
introducing this margin is unclear, but if the entry effect is small, then adjustment at the
intensive margin would be a mechanism for amplification of the response of unemployment
to productivity shocks.
A further reason to expect amplification from a model of this kind is that the symmetry
assumption in the benchmark model (that all jobs and all workers are identical), together
with the method of calibrating the model to aggregate data, provides a bias towards finding
small fluctuations in unemployment in response to productivity shocks. For example, it
is standard 2 to calibrate the value of leisure as equal to 40% of the average wage; this
is a reasonable calibration, given unemployment benefit replacement rates in the U.S.,
when workers are homogeneous. This is substantially smaller than match productivity.
However, when workers are heterogeneous, or when, as in my model, the marginal product
of additional workers employed by the firm is decreasing, it is possible that in equilibrium,
the productivity of the marginal worker is much closer to the value of leisure, which would
make it efficient for employment to fluctuate much more in response to changes in labor
productivity. This seems a particularly fruitful avenue for investigation in view of the results
of Hagedorn and Manovskii (2005), who argue that a parametrization of the benchmark
model in which the surplus associated with match formation is close to zero can produce
larger employment fluctuations. 3 The assumption of Hagedorn and Manovskii that a worker
is nearly as productive in unemployment as in a match with a firm is unappealing for the
average match. However, once workers are heterogeneous (even in the sense that as a firm
employs progressively more workers, their marginal product is declining), it may be more
appealing to assume that the marginal workers entering unemployment in a recession were
of much lower productivity than the average.
In this paper, I calibrate a continuous-time version of the model from Chapter 1 to
U.S. data. In addition to the usual facts used to calibrate search models, the presence of
endogenous firm size allows me to calibrate the model in addition to match the mean firm
size in the U.S. With this calibration, I find that although the steady-state response of un-
employment in this model is slightly larger than in the benchmark model (Shimer, 2005b),
the amplification mechanism identified in previous paragraphs does not seem to be the main
2See, for example, Shimer (2005b).
3This is also a feature, although not the focus, of earlier work, including Merz (1995).
reason for the difficulty of explaining the empirical size of fluctuations in unemployment and
vacancies in the benchmark search model. More precisely, in my benchmark calibration, I
find an elasticity of unemployment with respect to labor productivity of -0.56, as opposed
to the -0.45 found by Shimer in his benchmark calibration. I perform a sensitivity analysis
on this calculation by exploring alternative calibrations; while it is possible to get larger
fluctuations in unemployment from some alternative calibrations, the results indicate that if
large fluctuations in unemployment are to arise in a model in which firms have concave pro-
duction functions, then this must require an equilibrium concept giving rise to an inefficient
equilibrium, unlike that studied in this paper. Further discussion of this can be found in
Chapter 3, in which we study a model with wage bargaining that leads to inefficiency in the
determination of firm size, although that model also does not produce much amplification
under the benchmark parametrization.
The empirical negative correlation between unemployment and vacancies over the busi-
ness cycle, named for William Beveridge, has been known for more than half a century.4
Search models of the labor market in the tradition of Diamond (1981, 1982b), Mortensen
(1982) and Pissarides (1984) are well-known to produce a Beveridge curve that qualita-
tively reproduces this negative relationship. However, there has recently been a burgeoning
literature pointing out the difficulty of accounting for the relative magnitudes of fluctua-
tions in unemployment, vacancies and wages both in response to variations in steady-state
productivity and over the business cycle. 5
There are numerous alternative amplification mechanisms for employment fluctuations
proposed in the literature that are essentially orthogonal to that investigated here. Hall
(2005b,c) and Shimer (2004) show that wage stickiness amplifies the size of fluctuations
in unemployment and vacancies. 6 Krause and Lubik (2004, 2005) suggest that on-the-
job search can provide a suitable amplification mechanism in the absence of asymmetric
information. An axiomatic characterization of what kinds of explanations might provide a
large enough volatility of labor market tightness in the single worker-per-firm case is given
4Beveridge (1944); Dow and Dicks-Mireaux (1958); a more recent account is given by Bleakley and Fuhrer
(1997).
5Two notable papers in this extensive body of work include Shimer (2005b) and Fujita and Ramey
(2005). See also de Bock (2005), Costain and Reiter (2005), Hagedorn and Manovskii (2005), Hall (2005b),
Krause and Lubik (2004), Rudanko (2005), and Silva and Toledo (2005).6Hall and Milgrom (2006) and Menzio (2005) provide microfoundations for wage stickiness; Rudanko
(2005) argues, by contrast, that the empirical cyclical fluctuations of wages are large enough that this is
unlikely to be the predominant explanation.
by Briigemann and Moscarini (2006).
In addition, a large set of papers examine amplification mechanisms arising from in-
formational asymmetries. Hall (2005a) shows that the increasing cost of dealing with the
increased number of applications received in recessions, together with unemployed workers'
willingness to apply more indiscriminately at such times, can reduce firms' incentive to post
vacancies in recessions even though wages are low. Kennan (2003, 2005) considers a model
in which the employer has private information about match-specific productivity, and the
variance of productivity across matches varies with the aggregate state. Kennan assumes
that either the worker or the firm may be selected to make a take-it-or-leave-it offer. This
set of assumptions means that wages appear stickier and unemployment and vacancies fluc-
tuate more than in the benchmark model. Shimer and Wright (2004) and Guerrieri (2006),
among others, study optimal contracting in competitive search models of the labor market
with asymmetric information; Guerrieri (2006) also studies the quantitative implications
for volatility. Nagypil (2005) considers a model of a labor market with on-the-job search in
which workers have private information about the private benefit associated with working at
a particular firm and shows this can lead to wage stickiness and large fluctuations in unem-
ployment, as firms do not increase wages substantially in booms in order to avoid attracting
uncommitted workers who expect to leave the firm soon. This class of explanations for wage
stickiness and large unemployment fluctuations over the business cycle is complementary
to the mechanism examined in this paper and in Chapter 3 of this dissertation.
The structure of the remainder of this Chapter is as follows. In Section 2.2, I introduce
the benchmark model; in Section 2.3 I then establish the existence and efficiency of equi-
librium, together with a method for calculating equilibria numerically. This is reminiscent
of results in Chapter 1, but does need to be repeated since the models are not identical.
Section 2.4 contains an explanation of the calibration to U.S. data, and presents the results.
Extensions and a sensitivity analysis are discussed in Section 2.4.1; Section 2.5 concludes.
2.2 Benchmark model
In this section I introduce the basic model of a continuous time competitive search economy
that I will calibrate in the sequel. Much of the notation is shared with Chapter 1 of this
dissertation, and I therefore introduce it only briefly, referring the reader to the previous
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chapter for further details. The model is closely related to that constructed as a limit
economy in the proof of Theorem 2 in Chapter 1; since that model was not emphasized
in the main text, which emphasized a discrete time model, I therefore reintroduce the
model here. Note the fact that the model is in continuous time means the similarities
and differences with Shimer (1996), who also studies a continuous time economy, are more
apparent.
Time is continuous. There is a fixed population of a mass 1 of infinitely-lived risk-
neutral workers, and a large population of firms. Workers and firms are risk neutral, and
both discount the future with a common discount rate r. Workers consume their income
when it is received; thus the utility at time t of a worker whose income is given by the
stochastic process (Yt+7),> 0 is
Et [ -rT yt+r dT .
Unemployed workers receive a flow utility b from leisure. At any instant of time, any firm
that has not yet entered can choose to pay a fixed entry cost c and become active. All
active firms have access to the same production technology. At any instant, if an active
firm employs m workers, then the value of its flow production of the final good is given by
a production function x : No - R+ . I assume that x is strictly increasing, strictly concave,
and satisfies x(0) = limm,,o x(m)/m = 0. A newly-active firm enters the market without
any workers. An active firm is destroyed according to a Poisson process with arrival rate
A, which is constant across firms and over time. Financial markets are complete, so that
the value of a firm which expects at time t to produce according to the stochastic process
(xt+),->o and pay a wage bill according to the stochastic process (Wt+T)T>> is
Et [j e-r (xt+ - wt+,) dr]
The process by which unemployed workers are matched with firms is frictional, and is
analogous to that introduced in Chapter 1. An active firm must costlessly post a single
contract C; this contract may be changed costlessly to another contract at any time.7
Workers cannot observe any characteristics of firms other than the contract offered by the
7More precisely, it is necessary for technical reasons to require that the firm's contract posting as a
function of time, C : R+ - R+, be Borel-measurable.
firm. At any instant of time, workers observe the distribution of contract offers and, if
unemployed, choose to direct their search to precisely one such contract. Only unemployed
workers can search. If a mass q of workers direct their search to a unit mass of firms offering
the same contract C, then the flow rate of formation of matches is given by P(q), where
p : R+  R+ is strictly increasing, strictly concave and twice continuously differentiable.
Each firm meets a worker according to a Poisson process with arrival rate p(q); each worker
meets a firm according to a Poisson process with arrival rate P(q)/q.8 I assume that the
only contracts a firm can commit to consist of a signing bonus B )> 0 to be paid to any
worker hired, together with a wage w per unit time to be paid to the newly hired worker
along with his colleagues already employed at the firm.
A match between a firm and one of its employees continues indefinitely, until either the
firm is exogenously destroyed, or either the firm or the worker desires to end the match.
Recall that exogenous destruction of the firm occurs with flow probability A. I assume
that contracting is at-will: at any time, either the firm or the worker can terminate the
match. If this occurs, neither party incurs any cost, the worker returns to unemployment,
and the firm continues to exist with one fewer employed worker. Note that the contracting
environment is the continuous-time analog of environment (A2) introduced in Section 3.3
of Chapter 1. In continuous time, these contracts are what Shimer (1996) terms 'simple'
contracts.
An allocation in this economy consists of a vector of functions
{(dm,t)=o `0et WI,, (vm,t)2=,0 qt U, )
specifying the values at each time t of the number of firms with m workers already employed
(for each m > 0), the number of new entrant firms, et, the set Wt of contracts offered by
a positive measure of firms and for each contract C in Wt, the mass vm,t of firms with m
workers already hired that offer it, and finally the function qt mapping contracts to queue
lengths, and the flow equilibrium utility of workers, Ut. I will study only steady-state
allocations of this economy in order to limit the notational burden. I therefore make the
8Note that since time is continuous, coordination frictions play no r61le. In particular, the additional
coordination friction that arises in discrete time when the probability distribution f(q, m) is not a unit mass
at its mean, p(q), does not arise here. For further discussion, refer to Section 3.4 of Chapter 1 of this
dissertation. Finally, note that since time is continuous it is not necessary to assume that j(q) < q.
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following definition which captures the natural requirements on these objects. 9
Definition 2.1. A steady-state allocation with wage posting in continuous time is a tuple
{(dm) 0 , e, W, (vm)m= 0 , q, U
where
* for each m E N, dm is the mass of active firms with m workers already hired;
* e is the mass of firms per unit time that pay the entry cost to become active;
* W C R+ is the set of contracts (B, w) offered by firms;
* for each m E N, Vm E B(W) is a Borel measure supported10 on W such that for each
W' C W, the mass of firms with m workers already hired and offering a contract
(B, w) E W' is given by Vm(W'), and such that
vm(R + ) = dmn.
* q : R+ x R+ -- R+ is the function mapping contract offers to queues; and
* U is the flow equilibrium utility of workers;
and such that
1 = Z dm m + Uqp(q(C)) dvm(C) , (2.1)
00
e = A dm (2.2a)
m=0
dm-1 p(q(C)) dvm-(C) = dm A + i(q(C))dvm(C)] Vm > 1 (2.2b)
Some aspects of the definition may require a small amount of explanation. The condi-
tions on the measures vm require for the sake of consistency that firms post only contracts
in the set W of all contracts offered by any firm, and so that the total mass of contracts
posted by firms with m employees, vm(R+), equals the number of such firms. Equation
9Note that these definitions are exactly analogous to Definition A.1 and Definition A.2 in the Appendix
to Chapter 1.
1 0This means that um satisfies vm(,R+ \ W) = 0.
(2.1) is the feasibility constraint requiring that each member of the population of mass 1
either be employed at a firm with m workers for some m > 0, or queue at some contract
C. Equation (2.2) imposes the steady-state conditions that the number of firms entering
each instant equal the number exogenously destroyed, and that the number of firms with
m - 1 workers gaining an mth worker equal the number of firms with m workers either
exogenously destroyed or gaining an m + 1st worker.
The definition of an allocation provided here is analogous to the corresponding Defini-
tions 2 and A.1 in the model of Chapter 1, and further discussion of the associated intuition
may be found in that Chapter.
2.3 Equilibrium and its characterization
In this section I first define equilibrium, and then establish existence and uniqueness of
equilibrium and characterize its properties. An equilibrium is an allocation in which firms
choose their entry decision and contract posting to maximize expected profits given the
application decisions of workers, unemployed workers direct their application to maximize
their expected utility, and employed workers quit whenever unemployment is more attractive
than employment at the current firm. For a fuller justification of this notion of equilibrium,
see Section 2.3, Section 3.3, and the discussion in the Appendix of Chapter 1 of this dis-
sertation, where analogous equilibrium concepts are discussed in a static model and in a
dynamic model in discrete and then in continuous time.
Definition 2.2. A continuous time steady-state competitive search equilibrium is a feasible
steady-state allocation
{(dm) o, e, W, (vm)o, q, U1
together with a function 1C : N --, R+ satisfying the following conditions:
(a) Profit Maximization and Optimal Firing: Vm E N
rlIC(m) = max{Ti(m), T2 (m)} (2.3a)
~I ·__ _ _ __
where
Ti(m) = max ((m') - m'w - A (m')
O(m' •m,
B,w-U)O
+ p(q((B, w))) [II(m ' + 1) - II(m ' ) - B] )
T2 (m) = max {x(0) - yi(q((B, w)))B - AII(0)} .
B>O>w-U
with equality for each (B, w) E W' for some m E N with dm,t > 0 and m' = m;
(b) Free Entry: HC(0) < c;
(c) Optimal Application: VC E D,
b + BA(q((B, w)))/q((B, w)) 4< U and q((B, w)) > 0 (2.3b)
with complementary slackness;
(d) Optimal Quitting: w > U, or else all workers quit the firm immediately.
Some aspects of the definition require comment. First, Profit Maximization and Optimal
Firing requires that the firm choose to post a contract (B, w) that maximizes its value, given
the queue length q((B, w)) that such a contract attracts and the payments of B upfront
and w per unit time per worker that are required in the future. There are two possibilities
to consider for w: if w < U then the firm expects that all workers will quit, according to
Optimal Quitting, so that its workforce will be reduced to 0 immediately irrespective of B;
if w > U this does not happen. These two possibilities give rise respectively to terms T2 (m)
and T1(m). Next, to understand the formula for Ti(m), note that the definition allows a
firm with m employees if, given the contract it has posted, it would prefer to have m' < m,
costlessly and immediately to reduce its workforce size from m' to m. This is Optimal
Firing. In steady-state equilibrium, no firm will ever choose to fire a worker, so if there is
some m* above which the firm would like to fire workers to reduce its employment to m*,
and below which it would not like to fire workers, then the definition of the term Ti(m) in
(2.3a) could alternatively be written
max {x(m) + u(q((B, w))) [Hc(m + 1) - Ilc(m) - B] - mw - AIIc(m)},B,w-U>O
Ti(m) = m ( m* - 1;
max {x(m*) - m*w - AIIC(m*)}, m m*.
B,w-U>O
Finally, given all of this, the Profit Maximization condition requires that the firm optimally
choose what contract it posts.
It is useful to establish some results about the profit function IIC(m) in equilibrium.
First, the assumption that firms can change contracts at any time and that contracts do
not bind the firm's ability to change contracts in the future limit severely the time path of
wages that firms can commit to pay employed workers. Specifically, in equilibrium firms
will not pay workers more than their outside option, U, in any period after their initial
hiring.
Lemma 2.1. In any equilibrium, w = U for all firms with at least one previously-employed
worker.
Proof. If the firm were to offer a lower wage, then all the firm's workers would immediately
quit, which is easily seen not to be optimal provided that IIC(m) > HC(O) for all m > 1.
Offering a higher wage achieves nothing except a reduction in profits. O
Lemma 2.2. At all m at which it is optimal for the firm not to fire any workers, the firm's
value function Hc and the queue lengths {qm} satisfy
(r + A)Hc(m) = x(m) + p(qm) [HlC(m + 1) - Hc(m)] -
and U - b >, /'(qm) [IIC(m + 1) - lc(m)] and
(m + qm)U + q,
qm > 0,
rb (2.4)
c.s. (2.5)
At all m at which it is optimal for the firm to fire a positive number of workers,
II(m) = max H C(I).
Ol, m
(2.6)
Proof. By Optimal Application, if Bm is a bonus offered by a firm with m already-hired
100
workers in equilibrium, then p(q(Bm))Bm = q(Bm)(U - b); thus (2.3a) can be rewritten as
(r + A)Hc(m) = x(m) + max {p(q) [HI(m + 1) - HI(m)] - (m + q)U + qb}. (2.7)
q>0
Since p is strictly increasing, continuously differentiable and strictly concave, the first-order
condition for q is necessary and sufficient, provided that a solution exists. This establishes
the claim. O
Substituting this in (2.4) proves that (r + A)II(m) = x(m) - mU for any m such that
qm = 0 and at which the firm does not want to fire workers.
Lemma 2.3. IIH is concave. If m > m*, where m* satisfies
(r + A)(U - b)
x(m*) - x(m* - 1) > U + )(U > x(m* + 1) - x(m*) (2.8)
i'(0)
then
z(m') - m'UIc(m)= max and qm = 0. (2.9)
m* <m' <m r + A
Proof. To see that II c is concave, suppose to the contrary that there is m > 0 such that
IIc(m + 1) - 2Ic(m) + Hc(m - 1) > 0. (2.10)
Let rh be the largest value of m such that this is true, and note that rin < m*. By maximality
of rh, it follows that IIc(rh+2)-IHc(rh+1) > H(rn-1) -HC(rt). Define a function X : R --+ R
by x(V) = maxq>o A(q)V - qU; it is easy to check that X is nondecreasing. From (2.4) for
m E {rh - 1, ii, rn + 1}, it follows that
(r + A)[IIc(rn + 1) - 2IIc(r) + IHC( - 1)] = T1 + T2 + T3
where
T1 = x(rh + 1) - 2x(ri) + x(rn - 1) < 0,
T2 = X(Hc(rhn + 2) - IIC(fr + 1)) - X(IIc(rni + 1) - IIC(rn)) < 0,
and T3 = X(HC(T,) - IC(fn - 1)) - X(HC(rn + 1) - IcC(f)) < 0.
Thus IIFC( + 1) - 2IIC (f) + II(rmh - 1), which contradicts (2.10) for m = fri.
The existence and uniqueness of an m* satisfying (2.8) follow immediately from the
facts that limm,,,o (m)/m = 0 and x(.) is strictly increasing and strictly concave.11 The
second part of the lemma then follows immediately from considering the contract posting
problem for a firm with m workers when in equilibrium a firm with m + 1 workers does not
hire. Then
(r + A)Hc(m) = x(m) - mU + max { p(q)(nc(m + 1) - HIC(m) - q(U - b)}
q>O
(r + A)IIC(m + 1) = x(m + 1) - (m + 1)U.
Subtracting gives that
x(m + 1) - x(m) - U+c(m + 1) -H(m) +
r+A
it follows from the concavity of p(.) that if
( (m + 1) - x((m) - U
111(0)X - (U - b) < 0
r+A
then it is optimal for the firm not to hire when it has m workers either. Conversely, if the
reverse inequality holds, then it is also easy to verify that it is optimal for the firm to hire
if it has m workers already employed. Considering the cases m = m* - 1 and m = m*
completes the proof of this part of the lemma. The formula for HIIc(m) for m > m* follows
immediately from considering the optimal firing behavior of such a firm D
Proposition 2.1. A steady-state competitive search equilibrium exists and is unique.
Proof. Lemma 2.3 uniquely characterizes m* and of {IIc(m), qm} for m > m*. To charac-
terize {IIC(m),qm} for 0 < m < m* - 1, consider the system Sc of 2m* equations given by
(2.4) and (2.5) for 0 < m T m* -1 (and taking U and IIc(m*) as parameters). The Jacobian
of Sc with respect to (IIC(0), qo,... , Ic(m* - 1), q,* -1) takes a block diagonal form, so it is
not difficult to verify that its determinant is given by
(U - b)m *  [(r + A + (qm)), "(m)
m= 1: otherwise it is efficient to have no entry, U
11I assume that m* > 1: otherwise it is efficient to have no entry, U = b, and the equilibrium is trivial.
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This is nonzero by construction of m*, together with the strict concavity of p. The implicit
function theorem therefore allows me to write IIC(0) locally (in a neighborhood of the
solution) as a function of U and parameters, and to verify that
dH(0) - q p(qo)(1 + qi)
dU r + A r + X(q) [ + +(qi1)
By concavity of HI and the assumption that m* > 1, it follows that IIC(1) - IIc(0)
U - b/p'(O). Thus from the first-order condition (2.5), it follows that qo > 0. Moreover, if
IIc(1) - IIC(0) is bounded away from zero (equivalently, if p'(0) x()-U - (U - b) is bounded
away from zero, or if U - b - p'(0) +(1) is bounded away from zero), then
dHc(O)/dU is bounded away from zero also. Note that the equilibrium value of utility
U = UC is that value of U that implies that the zero profit condition, HI(O) = c, holds.
Since dHI(O)/dU is negative and bounded away from zero, such a U exists and is unique.
It is easy to verify that the function IIc and {qmml=0 so defined satisfy the definition of
an equilibrium. E]
The following Proposition provides an explanation for why the counterfactual time pro-
files of wages within a worker's spell of employment at a firm are assumed, and should not
be a surprise in view of the efficiency results in Chapter 1.
Proposition 2.2. The equilibrium is efficient.
Proof. Two alternative methods of proof are possible.
First, the result follows from the efficiency results in Chapter 1 for the discrete-time
analog of the continuous-time economy considered here, as a limit result as the length of
the period s -+ 0. One can readily check that the value and policy functions of firms in
an efficient equilibrium of a discrete-time economy with period length s converge uniformly
to those of the continuous-time economy discussed in this Chapter; the efficiency result
then follows from the analogous result for each discrete time economy (Proposition 9 in
Chapter 1).
A more direct proof is also available. The argument is to write the planner's problem
for the continuous-time economy directly, and solve to find the marginal social value per
period of an unemployed worker, Ue. Next, observe that if U = Ue , then the contract
posting and hiring policies of firms coincide with those that would be implemented by the
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planner; thus the efficient allocation is an equilibrium. The result then follows from the
uniqueness of equilibrium, according to Proposition 2.1. The details are very similar to the
proof of Proposition 9 in Chapter 1, and are therefore omitted. O
Proposition 2.1 provides a method for solving numerically for a steady-state competitive
search equilibrium. First, define an operator T : R+ -- R according to the following
procedure: given any U > 0, first calculate m* = m*(U-) to satisfy
r(U 
- b)z(m*) - x(m* - 1) +> (0) > x(m* + 1) - x(m*). (2.11)
Next define a vector (if(0), I(1),... ,I(m*)) by first setting
z(=*) - m*U
r+(A T*)= (2.12)r+A
and then solving the system of 2m* equations constructed in the proof of Proposition 2.1,
consisting of equations (2.4) and (2.5) for m = 0, 1, ... , m* - 1:
(r + A)f•(m) = x(m) + p(qm) [f(m + 1) - fl(m)] - (m + qm)U + qmb (2.13)
S- b ='(qm) [f(m + 1) - 1I(m)] (2.14)
Finally, define T(U) to be the resultant value of HI(0). Then observe first that if U is the
equilibrium value of an unemployed worker, then T(U) = c, and that T is strictly monotone,
so that if T(Ui) = c then U = U. (To see that T(U) = c, compare first (2.8) and (2.11)
to observe that m*(U) equals the equilibrium value of m*. Next, comparing (2.9) and
(2.12) shows that iH(m*) = H~(m). Finally, comparing (2.13) and (2.14) with the equations
constructed in the proof of Proposition 2.1 shows that 1I(m) = IH(m) for m = 0, 1, .
m* - 1. It follows that T(U) = II(0) = IIC(0) = c. To see that T(U) = c only if U = U,
observe that T is strictly decreasing according to the proof of Proposition 2.1.) Since T is
strictly monotone, it is a simple computational procedure to find U.
In order to calibrate the model properly, it is also necessary to provide expressions for
variables such as the unemployment rate, the job-finding rate, and the average wage. To do
this, it is first necessary to calculate the steady-state firm size distribution {dm}. This can
be found from the steady-state equations (2.2). By Lemma 2.2, each firm with m workers
104
previously hired chooses the same queue length qm; it follows that (2.2) can be simplified
as
00
e = A E d (2.15a)
m=0
dm-1l(qm-1) = dm [A + p(qm)] Vm > 1 (2.15b)
It's easy to check by induction that for 1 < m ( m*,
m-1 (qj) (2.16)
dm = do (qj) (2.16)
j=0
Finally, the total number of employed workers plus the number of workers queueing at each
firm must equal the population:
E (m + qm)dm = 1. (2.17)
m=O
Substituting from equation (2.16) into (2.17) gives a linear equation in do, which has the
unique solution
m* m-1 +p qj)
do = (m ) 1 + (qj+) / (2.18)
m=0 j=0
Equations (2.16) and (2.18) then characterize completely the steady-state firm size distrib-
ution {dm} for 0 < m < m*. For m > m*, equation (2.15b) implies that dm = 0.
Expressions for several important aggregate variables can be easily given in terms of the
firm size distribution. The unemployment rate is equal to the total queue length summed
across all firms:
m*
u = qmdm. (2.19)
m=0
The job-finding rate for workers at a firm with queue length q > 0 is P(q)/q; the average
job-finding rate is a weighted average of this across firms with positive queue lengths:
m*-1 m*-1
= (qm ( ) qmdm = /-t(qm)dm. (2.20)
m=O m=O
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The average number of workers per firm is given by
m*
f = mdm. (2.21)
m=O
Last, the wage receipts of employed workers per period equal U, while unemployed workers
in equilibrium receive a lottery with a flow expected value of U - b, so the total amount paid
by firms to workers is (1 - u)U + u(U - b) = U - ub. Thus the share of firms' production
received by workers is simply
w = (U - ub) ( x(m)dm (2.22)
This completes the characterization of steady-state competitive search equilibria of the
model. In the following section, I use a calibrated version of the model to investigate the
question of whether the presence of the intensive margin of the adjustment of the size of
firms, can allow for greater responses of unemployment, employment, and the vacancy-
unemployment ratio in response to changes in productivity across steady states.
2.4 Calibration
In this section, I investigate the properties of a calibrated version of the model. I first
discuss the calibration and the difficulties associated with calibrating this model, and then
investigate the steady-state properties of the model and the comparative statics of the
response to changes in productivity across steady states. The model is difficult to calibrate
exactly due to the integer problems arising from the discrete size of workers, so that firm
size does not necessarily respond continuously to changes in productivity, and this limits
the accuracy of the conclusions that can be drawn. However, within the limits set by this
problem, I am able to conclude that the model does not greatly increase the response of
unemployment to a change in steady-state productivity.
In order that my results should be as comparable as possible with those in the literature,
I choose my calibration as much as possible to match Shimer (2005b). For details of the
derivation of parameter values to match U.S. data, I refer the reader to that paper. Time
is measured in quarters. The discount rate (r = 0.012) and the separation rate (A = 0.010)
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Variable Description Value Source
r Discount rate 0.012 Shimer (2005b)
A Firm destruction rate 0.10 Shimer (2005b)
b Flow utility of unemployed 0.40 Shimer (2005b)
a Queueing function p(q) = Aqa 0.72 Shimer (2005b)
A See above 2.4204 See text
7 Production function x(m) = Dm' 0.6608 See text
D See above 4.5527 See text
c Entry cost 112.967 See text
Table 2.1: Parametrization and sources
can be chosen directly to match Shimer's calibration. In addition, I follow Shimer by
assuming that the function mapping queue lengths to employment flow probabilities is
given by p(q) = Aq', with a = 0.72.12 I also assume that the average rate at which
unemployed workers find jobs is 0 = 1.355. This ensures that the unemployment rate in
the model must equal u = 6.87%, which can be found by equating the flow of workers into
unemployment (given by A(1 - u)) and out of unemployment (given by pu).
It is also necessary to normalize the relative sizes of wages, production, and unemploy-
ment benefits. I also assume that the flow utility b received by unemployed workers is equal
to 0.40, where I normalize the average payments per worker (including initial bonuses) re-
ceived per unit time by employed workers to be equal to 1. Note that this implies that
the flow value of being an unemployed worker, U, must satisfy =-ub 1, or U = 0.9588.
Since U is endogenous, this provides one restriction on the parameters of the model. Fi-
nally, I assume as a benchmark that the production function x(m) is Cobb-Douglas, so that
x(m) = Dm-.
I choose the remaining parameters to match some basic facts about the firm size distri-
bution. First, I choose D, y, and A to ensure that the average firm employs 23.8 workers
in order to match the finding for 2000 U.S. data from the Longitudinal Business Database
(Davis, Haltiwanger, Jarmin, and Miranda, 2006). Next, I match the postwar average la-
bor share of 0.65. This completes the specification of the model. Note that there are eight
parameters to be specified, and eight facts to be fitted, so one might expect the parameters
to be uniquely determined; it appears numerically that this is the case. An list of the
parameter values implied by the requirements mentioned above is given in Table 2.1.
12Shimer uses a matching function defined in terms of unemployment and vacancies, with the Cobb-
Douglas form m(u, v) = Au vl-o; this can be rewritten as m(u,v) = A (g)
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It should be noted that the chosen facts do have some counterfactual implications with
respect to dimensions not explicitly calibrated. First, the required value of the entry cost is
112.97 (recall that the normalization is that the quarterly payments per employed worker
received from firms is equal to 1); this seems implausibly low (empirically, this would roughly
correspond to the market capitalization of a publicly traded firm being nearly equal to its
annual wage bill). Second, the firm size distribution implied by the model does not match
the empirical distribution, which is well known to follow a power-law (Axtell, 2001). The
distribution implied by the model is shown in Figure 2-1. The reason the model implies that
there are very few firms of relatively small sizes is that because the production function is
concave, small firms have the greatest incentive to choose to post a large bonus B, attract
a long queue of applicants, and grow rapidly in expectation. Since firm destruction is
independent of size, the fact that small firms grow more rapidly means that there must be
fewer of them in steady state. Figure 2-2 shows the equilibrium queue length qm attracted
by firms with m workers already hired, and Figure 2-3 shows the associated size of hiring
bonus Bm paid by such firms, in order to attract a queue of this length.
Figure 2-1: Steady-state distribution of firm sizes
An important motivation for calibrating the model was to investigate whether the pres-
ence of firms with multiple workers provides a mechanism for amplification of employment
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Figure 2-2: Queue lengths by firm size
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Figure 2-3: Signing bonus by firm size
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fluctuations. It would of course be preferable to answer this question directly by simulating
a full dynamic stochastic version of the model, something that is substantially more difficult
in my setting than in Shimer (2005b). The reason is that when firms wish to employ multi-
ple workers, the state variable of the economy is high-dimensional (since it incorporates the
firm size distribution). I therefore perform the simpler exercise of comparing the values of
the endogenous variables of the model as steady-state productivity varies; it is reasonable
to suppose that as in Shimer (2005b), this will produce similar equilibrium responses of the
endogenous variables to changes in productivity.
Since the number of employees at a firm may take on only integer values, a technical dif-
ficulty arises in calculating precise equilibrium responses of endogenous variables to changes
in productivity. This is that small changes in parameters can induce the firm to change its
hiring policy, so that the maximal number of workers it hired shifts from m* to m* - 1 or
m* + 1. It can be checked that although the firm's value function IIC(.) is continuous in the
parameters of the model, its derivative is not continuous at points at which the choice of m*
changes. This can produce large changes in the calculated elasticity of the unemployment
rate with respect to labor productivity, for example, depending on what parametrization
is chosen as a baseline. Figure 2-4 shows an example of this behavior. The graph shows
two curves, all points on each of which represent separate estimates of the elasticity of un-
employment with respect to labor productivity at the initial parametrization of the model
discussed above. I estimate this elasticity by taking a single proportional change ( > 0 in
the Hicks-neutral labor productivity parameter D; the factor ( by which D is multiplied is
shown on the horizontal axis. I then estimate the elasticity by calculating unemployment
in two economies, in one of which productivity is equal to D and in the other of which it is
equal to (D. Call the unemployment so calculated in these two economies u(D) and u((D),
and call the average output per employed worker ir(D) and ir((D) respectively. Then two
possible estimates of the elasticity of the steady-state response of unemployment to the
change in productivity are given by
u(ýD)-u(D) u((D)-u(D)
q u(D) and 72 u(D)
r(D)
r1i(() corresponds formally to the elasticity calculation formula in the benchmark DMP
model; 772(ý) is more appropriate since the expression in the denominator for the change in
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labor productivity corresponds more precisely to what an econometrician might measure.
In Figure 2-4, the lower dashed line is r7 (() and the upper solid line is lr2(a). It can be
observed that each estimate of elasticity fluctuates substantially with (, and this limits the
precision with which the model's predictions for this elasticity may be reported.
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Figure 2-4: Estimation of steady-state unemployment elasticity
With this caveat in mind, one can use the data in Figure 2-4 to deduce that the elasticity
of unemployment with respect to labor productivity, 72 (.), is -0.40 ± 0.05. An analogous
calculation shows that the elasticity of total payments by firms per employed worker with
respect to productivity, the correct analog in the model to the elasticity of aggregate wages,
is 0.978 + 0.012 (wages appear to be affected much less than unemployment by the integer
problem). This provides essentially no amplification with respect to the results of Shimer
(2005b), whose results imply an elasticity of unemployment with respect to labor produc-
tivity of approximately -0.45. The results thus suggest that the presence of firms employing
multiple workers represents a relatively minor part of the explanation of the large volatility
of unemployment and vacancies in the data.
It is important to investigate the sensitivity of this conclusion to various alternative
assumptions on the production and matching functions; this is the subject of the next
section.
111
0.65
-0.7
2.4.1 Alternative assumptions and discussion
In this section I first comment on the sensitivity of the result obtained in the previous
section to various assumptions of the model, such as the form of the production function
and the parametrization of the matching function. I then briefly note two avenues for further
investigation of mechanisms that might allow a plausibly-calibrated version of the model to
admit a greater response of employment to variations in productivity across steady-states.
Both mechanisms I discuss arise from the ability of the richer model I study to disambiguate
features that could not be separated in the benchmark DMP model in which firms employ
precisely one worker. More precisely, it is possible to allow different responses to changes in
the queue length of the rate at which firms receive applications at the levels of individual
firm and in the aggregate. It is also possible to consider shocks arising from changes in the
capital cost c of firm entry, which may in this setting have different effects from changes to
the analogous entry parameter in the benchmark model.
First, and particularly in view of the results for the constant elasticity of substitution
case in a related model studied in Chapter 3, it would be interesting to extend the results
of this paper to a more general class of production functions. Initial work examining the
CES case suggests that for plausible parameter values, the elasticity of unemployment with
respect to steady-state productivity is not much larger in absolute value than the -0.45
obtained in the benchmark case. However, integer problems seem to play an even larger
role here and prohibit the precise estimation of the elasticity. Further investigation is left
for future work.
One particular concern regarding the robustness of the results obtained in the previous
section concerns the form of the matching function. Aggregate time series data on vacancies
and unemployment does not reject the existence of a stable aggregate matching function
M(u, v) relating the rate at which new jobs are created to the levels of unemployment
and vacancies (Blanchard and Diamond, 1990; Petrongolo and Pissarides, 2001). Shimer
(2005b) shows that an assumption that M(u, v) oc u l-v , with a = 0.72 fits the data
best among this class of functions. 13 In the previous section, I assumed that the function
relating an individual firm's queue of applicants to the speed at which it can hire new workers
satisfied the appropriate analog of this relationship, p(q) = Aq'. However, identifying the
13The constant of proportionality in the formula for M(u, v) is not separately identified from the mean
level of labor market tightness v/u in models in which firms wish to employ precisely one worker.
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decreasing returns to scale at the firm level from aggregate data in this manner is not strictly
correct since different firms choose differing queue lengths in this model, which gives rise
to an aggregation problem. In this model, in fact, there is no stable aggregate relationship
between mean queue length, given by
m-1 m*-1
qg(m) mg(m  (2.23)
m=O m=O
and matches formed per unit time per unit mass of firms trying to hire, given by
m* -1 -1 m*-1l
-g(m) p(qm)g(m). (2.24)
m=o m=o
In particular, in the case when p(q) = Aqa , it is clear that in general, when the firm size
distribution is not atomic and when qm varies with m, it is not the case that f = Aq.
It is difficult to find empirically plausible matching functions exhibiting decreasing returns
at the firm level and aggregating to an aggregate Cobb-Douglas relationship. 14 I therefore
proceed by investigating the steady-state sensitivity of the endogenous variables to the
degree of decreasing returns to scale to increased queue length at the firm level. I do
this by altering the value of a, and recalibrating the model using the same method as in
Section 2.4. I also repeat the calculations of the elasticity of wages and unemployment
with respect to changes in productivity. The results of this exercise are shown in Table 2.2.
It is apparent that alternative assumptions on a, specifically, choosing a lower than 0.72
can allow some increases in the elasticity of steady-state unemployment with respect to
productivity, although the integer problem becomes more severe in this case and estimates
of the relevant elasticities become increasingly imprecise. However, it does not appear
that for plausible levels of a this effect alone could account for the discrepancy between the
empirical levels of this elasticity and the much smaller elasticity that arises in the benchmark
DMP model.
It should be noted that the use of matching functions with elasticities differing from the
aggregate estimate of 0.72 is not a conceptual difficulty even in the benchmark one-worker-
14 Petrongolo and Pissarides (2001) provide a survey of attempts to deal with this issue. More recently,
Hori (2005) provides an example of a microfounded matching function which implies an aggregate matching
function exhibiting constant returns to scale, but this function takes an urn-ball form, rather than Cobb-
Douglas. Shimer (2005c) investigates the consistency of models based on a microfoundation of mismatch with
the existence of an aggregate Cobb-Douglas relationship between labor market tightness and job creation.
113
Variable Description a = 0.32 a = 0.62 a = 0.72 a = 0.82
r Discount rate 0.012 0.012 0.012 0.012
A Firm destruction rate 0.10 0.10 0.10 0.10
b Flow utility of unemployed 0.40 0.40 0.40 0.40
a Queueing function p(q) = Aq '  0.32 0.62 0.72 0.82
A See above 2.68 2.65 2.42 2.12
7 Production fn. x(m) = Dml 0.695 0.666 0.661 0.657
D See above 4.29 4.50 4.55 4.59
C Entry cost 116.38 112.73 112.97 113.15
71u Min. of estimated range -2.20* -0.75 -0.45 -0.30
Max. of estimated range -1.50* -0.48 -0.35 -0.22
hw Min. of estimated range 1.00* 0.97 0.96 0.97
Max. of estimated range 1.20* 1.06 0.99 0.99
(Note: asterisk denotes imprecise estimate.)
Table 2.2: Sensitivity to returns to scale in L(.)
per-firm version of the model. Aggregate data only pin down the dependence of the flow
rate of worker-firm meetings in the economy M(u, v). However, if a firm chooses a different
queue length from the average queue length, then the dependence of 11(qind, qagg) on qind is
not identified from aggregate data. One might therefore investigate a function with different
degrees of decreasing returns to increased queue lengths at individual and aggregate levels;
an example is given by
t(qi, qa) = A (qa) -0. 72 (
for some ( $ 0. Investigation of such an assumption is left for further work.
Finally, it would also be interesting to investigate shocks to the entry cost k as a source of
productivity shocks. A reduction in the entry cost (which can be interpreted as a reduction
in the relative price of investment goods, a plausible business-cycle shock) will in this model
be associated with greater firm entry, and a resultant decrease in the average size of each
firm. This increases average labor productivity. It is possible that the qualitative response
to this kind of shock will be different from productivity shocks of the kind investigated in
the literature on the benchmark DMP model; this is another promising direction for future
study.
114
2.5 Conclusion
In this chapter I have investigated the possibility that an efficient competitive search equilib-
rium in an economy in which firms with concave production functions seek to hire multiple
workers would exhibit a greater response of steady-state unemployment to productivity
shocks than the benchmark DMP model. The main contributions of the paper have been
twofold: first, setting out a numerically tractable version of such a model and establishing
its basic theoretical properties, and second, verifying that the amplification result is not in
fact true: the response of unemployment to changes in productivity across steady states is
in fact remarkably similar to the elasticity of -0.45 found by Shimer (2005b).
The numerical analysis of the paper has been stymied somewhat by difficulties in com-
puting precise comparative statics across equilibria. The fact that the hiring target of a
firm changes discontinuously when the number of workers to be hired must be an integer
causes problems in study the response to small shocks, as required for the analysis of the
motivating question. The obvious topic for future work, therefore, is to write a version
of the model in which employment is a continuous variable; in this setting, some of the
questions that posed difficulties in this paper will be able to be investigated with greater
precision.
An advantage of the setup considered in the paper is that the richness of the multi-
worker firm setting opens up the possibility of studying economically interesting channels
that could not be described in the basic model. The endogenous shrinking of firms but
increased entry in response to a shock to the relative price of investment goods is one such
channel that can readily be studied in this framework; in a future version of this paper
in which the technical difficulties with integer problems have been overcome, I plan to
investigate the possibility that the response to such shocks is qualitatively different in a
model of this type than to the analogous shock in the benchmark DMP setting.
It should be noted that the results obtained in this paper apply only to an efficient
equilibrium; this property, familiar from its analog in discrete time established in Chapter 1
of this dissertation, leaves open the possibility that if match formation or destruction is
inefficient, the response to shocks could be qualitatively different. In Chapter 3 of this
dissertation, Daron Acemoglu and I show that under a natural, but generically inefficient,
protocol for wage determination within the firm, this is again not the case: the unemploy-
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ment elasticity in a plausibly parameterized search model seems not to be strongly linked
to the particular assumptions on the firm's production function made in the Diamond-
Mortensen-Pissarides model.
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Chapter 3
Equilibrium Unemployment in a
Generalized Search Model
3.1 Introduction
The search and matching model developed by, among others, Diamond (1982a,b), Mortensen
(1982), Pissarides (1985), and Mortensen and Pissarides (1994) has become the leading
model of equilibrium unemployment. The baseline Diamond-Mortensen-Pissarides (DMP)
model has three building blocks: first, a matching function, which incorporates the frictions
involved in labor market search; second, a production structure where each firm can employ
a single worker, and third, a protocol for bargaining between firms and workers for wage
determination. These building blocks lead to a very tractable model, with a range of com-
parative statics, but the model does not incorporate the intensive and the extensive margins
of employment creation (and destruction). In practice, new jobs are created both by existing
firms and by the entry of new firms (see for example, Davis, Haltiwanger, and Schuh, 1996).
In this paper, we extend the baseline DMP model by introducing a production technology
with diminishing returns to labor, thus potentially distinguishing between the intensive and
the extensive margins of employment.
In the model economy, a large number of firms can invest a fixed amount k to gain access
to a production function with decreasing returns. Once active, firms can post vacancies in
order to hire workers. Employment relationships come to an end both because of exoge-
nous worker separations from continuing firms and because of firm shutdowns. Wages are
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determined by bargaining between individual workers and the firm as in the standard DMP
model. Since there are more than two players in the bargaining game, we use the bargaining
protocol of Shapley (1953) adapted to a dynamic setting. The Shapley value has been pre-
viously used in a static model of employment and wage determination by Stole and Zwiebel
(1996a,b) and in a dynamic setting by Wolinsky (2000). It is an attractive wage determi-
nation protocol because it generalizes the Nash bargaining solution used in the standard
DMP model in a natural way, because it captures the notion that players cannot enter
into binding agreements, and because it has appealing microfoundations, especially in our
environment, where the firm is "essential" for production.
Our main contribution is therefore to present a relatively tractable model that combines
the general equilibrium structure of the baseline DMP model with the model due to Stole
and Zwiebel and Wolinsky of wage and employment determination in the absence of binding
contracts between firms and workers.
Our basic model, introduced in Section 3.2, assumes that firms can employ a countable
number of workers. An equilibrium in this economy determines not only unemployment and
vacancy rates, but also the size distribution of firms and an endogenous wage distribution.
After providing a basic analysis of this setup, in Section 3.3 we take the limit of this
economy as worker size becomes small (using the continuous limit bargaining solution of
Aumann and Shapley (1974), also used in Stole and Zwiebel (1996a) and Wolinsky (2000)).
This limit economy admits a set of differential equations describing equilibrium behavior,
which can be solved explicitly. Using of the limiting model, we characterize the form of the
steady-state equilibrium.
The steady-state equilibrium we derive is relatively tractable and can be used to address
a variety of different questions that arise in equilibrium models of unemployment, as well as
some new questions relating to the differential responses of intensive and extensive margins
of employment creation. As an illustration of the potential applications of our framework,
we investigate how unemployment responds to productivity shocks, and discuss whether
adjustment takes place at the intensive or the extensive margin.
An analysis of the magnitude of employment creation to productivity shocks in this
class of models is interesting as part of the study of whether search and matching models
can account for the differences in the levels and in the dynamics of unemployment across
countries and over time. A recent influential paper by Shimer (2005b) has argued that the
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baseline DMP model cannot generate quantitatively plausible fluctuations in unemployment
because wages are "excessively" responsive to changes in productivity (see also Hall, 2005c).
Since our model incorporates both intensive and extensive margins and also links wages not
to average productivity but to a weighted average of marginal and average product of
labor (with weights determined by the equilibrium distribution of firm sizes), the effects of
productivity shocks on the equilibrium are different and potentially richer. Interestingly,
however, we find that basic calibrations of the model lead to quantitative results similar to
those of the baseline DMP model.
Our work is related to various different strands of the search literature. As noted
above, we build on and generalize the baseline search-matching model of Diamond (1982b),
Pissarides (1984, 1985) and Mortensen and Pissarides (1994), and we also perform quantita-
tive analyses similar to those in Shimer (2005b) and Hall (2005c). 1 The two previous chap-
ters of this dissertation also consider a search economy with multi-worker firms, but assume
directed search and wage posting rather than bargaining.2 Models of firm-worker bargain-
ing with diminishing returns at the firm level without labor market frictions have been
considered by Stole and Zwiebel (1996a,b) and Acemoglu, Antras, and Helpman (2005).
Previous studies incorporating dynamic firm-worker bargaining and decreasing returns in-
clude Bertola and Caballero (1994), Smith (1999), Wolinsky (2000), Bertola and Garibaldi
(2001), Cahuc and Wasmer (2001), and Cahuc, Marque, and Wasmer (2005). Of these, the
paper most closely related to our work is the important paper by Wolinsky (2000), which
also considers the dynamic bargaining problem between workers and firms in the presence of
diminishing returns. However, Wolinsky's analysis is essentially partial equilibrium since the
arrival of new workers to firms is assumed to be exogenous. Consequently, Wolinsky's model
does not endogenize the unemployment rate and cannot be used for equilibrium analysis in
the labor market. In addition, none of the other papers fully solve for wage determination
and firm size distribution in general equilibrium with forward-looking bargaining.3
The rest of the paper is organized as follows. Section 3.2 presents the baseline model.
1See also Merz (1995), Andolfatto (1996) and Hagedorn and Manovskii (2005) for other quantitative
investigations.
2See Montgomery (1991), Peters (1991), Moen (1997), Shimer (1996), Acemoglu and Shimer (1999a,b)
and Burdett, Shi, and Wright (2001) for directed search models.
3Bertola and Caballero (1994) solve a search model with multiple workers per firm assuming that wages
are determined by Nash bargaining. Nash bargaining is difficult to justify when there is multilateral bargain-
ing, however. Cahuc, Marque, and Wasmer (2005) use a multilateral bargaining rule similar to the Shapley
value, but incorrectly impose the envelope condition, which holds for the last worker hired by the firm,
throughout rather than fully solving for wages in general equilibrium.
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Section 3.3 considers the limit economy in which workers size is small. This section provides
an explicit-form characterization of the steady-state equilibrium and proves the existence
of a state-state equilibrium. Section 3.4 explains why this class of models might generate
different responses to productivity shocks than the standard DMP model, and presents a
range of illustrative calibrations of the baseline model. Section 3.5 concludes.
3.2 Baseline Model
In this section we introduce the benchmark model, which we will use to illustrate the basic
ideas. The model economy is infinite horizon in continuous time and is populated by a
continuum of workers of size e > 0 each. In this section, there is no loss of generality if
the reader prefers to think of the case in which e = 1; however, in Section 3.3 we consider
the limiting economy where e -* 0. It is both easier to prove theoretical results and more
convenient to discuss comparative statics in this limiting economy, since when e > 0, integer
problems can lead to an economically uninteresting multiplicity of equilibria; therefore the
model in this section should be considered as motivation for the continuous employment
case.
3.2.1 Environment
Consider the following continuous time infinite-horizon economy. There is a continuum of
mass 1 of identical workers. All workers supply labor inelastically, are risk neutral and
discount the future at the rate r. In particular, the utility of the worker at time t is:
U (t) = exp (-r (r - t)) c (T) d,
where c (7) is consumption at time T, equal to b > 0 if the worker is unemployed, and to
his wage at time 7, w (-), if employed.
On the other side of the market, there is a large mass of potential firms. All firms are
owned by the workers and also act in in risk-neutral manner, maximizing the net present
discounted value of profits. Since this has no effect on any aspect of the equilibrium, the
exact distribution of shares of firms is not specified. At any instant, each potential firm
can pay a fixed cost of k in order to become active (for example, k can be interpreted as
the price of the necessary capital equipment). After doing so, the firm has access to the
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production function, F : eZ+ - R+, which specifies flow rate of output as a function of the
mass of employees at that instant, denoted by n. Here eZ+ is the set eZ+ - {0, e, 2e, 3, ...},
so that n takes values from this set.4 This amounts to assuming that the "size" of each
employee is equal to E; it is useful since we will later take the limit as e - 0 and allow the
firm to employ any number of workers. For the expressions in this section, there would be
no loss in generality in imposing e = 1, so that the number of employees of a firm takes
integer values.
We assume that F (n) is strictly increasing, continuously differentiable and strictly con-
cave and satisfies F(0) = 0. Moreover, we assume that it satisfies a weaker version of the
standard Inada condition, lim-,oo F' (n) < b, where the prime denotes differentiation.
Matching between firms and workers is frictional as in the standard DMP model. An
active firm has the option of posting a single vacancy at any time; doing so has a flow
cost of y. If a firm does not post a vacancy, then it cannot match with new workers and
thus cannot hire additional workers. The flow of firm-worker matches at every instant is
determined by an aggregate matching function, M(u, v), where u is the mass of unemployed
workers, u, and v is the mass of vacancies posted by firms. The function M(u, v) is assumed
to the strictly increasing and continuously differentiable in its two arguments and to exhibit
constant returns to scale. This implies that the flow mass of unemployed workers that meet
a given vacancy can be expressed as
q (9) M(u, v)
- M (-1, 1) ,
where 08 v/u is the tightness of the labor market, and q : R+ - R+ is a continuously
differentiable decreasing function. Since each worker is of mass e, the flow rate at which a
vacancy is contacted by a worker is q(B)/e. This implies that it becomes more difficult for
firms to match with workers in a tighter (high 0) labor market. The flow rate of a match
for an unemployed worker is 9q (0), which is also continuously differentiable and is assumed
to be increasing in 0, so that finding a firm becomes easier for workers in a tighter labor
market. We denote the decision of the firm about whether to post a vacancy by h E [0, 1];
4 Note that since workers are of fixed mass E each, the mass of workers employed at a given firm must
be an element of the set eZ+ of non-negative integer multiples of e. That is, for a given e, the number of
workers per firm can take on only countably many values. Recall, however, that there are a continuum of
workers and firms.
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h = 1 denotes that the firm posts a vacancy, h = 0 denotes that it does not, and h E (0, 1)
denotes a mixed strategy.
Once a match between a firm and a worker is formed, it continues until either it is
exogenously destroyed, or until one of the two agents chooses to end the match. Exogenous
destruction can take place because of two reasons: first, the firm may shut down, which
happens according to a Poisson process with arrival rate J. If a firm is hit by such a shock,
then it is destroyed and with a scrapping value of 0, and all workers previously employed
at the firm become unemployed. In addition, each employed worker is also separated from
his current employer, and returns to unemployment, according to a Poisson process with
arrival rate s. All these stochastic processes are independent. This implies that a firm that
employs a mass n of workers will experience a separation from one of its workers according
to a Poisson process with arrival rate sn/e.
Since matching between firms and workers is frictional, firms will only grow slowly and
there will be a distribution of firm sizes. For m E eZ+, let g(m, t) be the mass of firms
employing m at time t. The distribution g(., -) will be the aggregate state variable of the
economy, while n (t), the number of workers employed by a firm at time t, will be the
individual state variable.
For tractability, we will only consider steady-state equilibria and will suppress time
dependence when this causes no confusion. Moreover, we assume that both firms and
workers are anonymous, so that equilibria must have a symmetric Markovian structure,
with strategies depending only on payoff-relevant state variables. 5
More specifically, let g be the set of density functions g : eZ+ - R+, which, by definition,
satisfy E •- g (m) = 1. Throughout we use "value" and "net present discounted value"
interchangeably. An anonymous steady-state allocation can be defined as follows:
Definition 3.1. A steady-state allocation is a tuple
(0, VU, g () , J (-, ) , V (., ) , h(, -) , w(, -) ,u)
such that
SE R+ is the tightness of the labor market.
5Anonymity is useful in ruling out "unreasonable" equilibria in which agents in the economy use
punishment-type strategies against specific agents.
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e V" E R+ is the value of an unemployed worker.
* g E G is the distribution of firm sizes.
* J : eZ+ x g - R+ is the value of a firm with m E eZ+ employees when the distribution
of firm sizes is given by g E G.
* V : eZ+ x g -- R+ is the value of a worker employed by a firm of size m E eZ+ when
the distribution of firm sizes is given by g E g.
* h : Z+ x g -> [0, 1] is the vacancy posting decision of a firm with m E EZ+ employees
when the distribution of firm sizes is given by g E G.
* w : eZ+ x g - R• be the wage of a worker employed by a firm of size m E eZ+ when
the distribution of firm sizes is given by g E G.
* u E [0, 1] is the unemployment rate.
Notice that a steady-state allocation also defines and endogenous wage distribution,
since g determines the distribution of firm sizes and w determines wages corresponding to
different firm sizes.
3.2.2 Equilibrium Characterization
An anonymous steady-state equilibrium will be such that both active and inactive firms
maximize their values (profits) and all workers maximize their utilities. Before we can
define this equilibrium we need to specify wage determination, which in turn requires us
to be more explicit about the value functions. Throughout, we will simplify notation by
writing the value, policy and wage functions only as a function of the number of employees,
e.g., J (m) instead of J (m, g (.)). Also, denote by A the first-difference operator, so that
AJ(m) = [J(m) - J(m - e)] /e. Standard arguments immediately imply that in steady
state the value function for a firm of size m E Z+ satisfies the following recursive equation:
ms
rJ (m) = F (m) - mw (m) - 6J (m) - [J (m) - J (m - E)
+h (m) + [ (m + ) - J (m)] (3.1)
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or rearranging:
(r + 6)J(m) = F(m) - mw(m) - msAJ(m) + h(m) {-'y + q(O)AJ(m + e)} . (3.2)
This equation is easy to understand. The left hand side is by definition the flow value
of the asset of a firm of size m, rJ (m). The right hand side gives the components of this
flow value. A firm of size m produces a flow rate of output equal to F (m) and pays a wage
rate of w (m) to each of its m workers. At the flow rate 6, the firm shuts down and loses
its value J (m) (and receives the scrap value of zero). At the flow rate sm/e, one of the
employees is separated from the firm, so the firm suffers a loss equal to J (m) - J (m - e).6
Finally, as noted above, h (m) E {0, 1} denotes whether a firm of size m opens a vacancy.
If it does, h (m) = 1, then it incurs a cost of y and hires a worker at the flow rate q (0) /E,
realizing a capital gain equal to J (m + e) - J (m). This expression is simplified due to two
features. First, we have imposed that upon matching, the firm will hire the worker (which
will always be the case in equilibrium). Second, since we are in steady state, there is no
further term denoting the change in the asset value of J (m) over time (i.e., there is no term
J(m) = 0).
By a similar reasoning, the value of the worker employed in a firm of size m E N is given
by
rV (m) = w (m) - (6 + s) [V (m) - VU] - h (m) q ( ) [V (m) - V (m + e)]
s (m - e)+ [V (m - ) - V (m)] (3.3)
or
(r + 6 + s) [V (m) - V"] = w (m) - rV + h (m) q () AV (m + e) - (sm - e)AV(m). (3.4)
The worker receives the wage rate w (m), and loses his job either because of firm shutdown
or separation (total flow rate of 6 + s), in which case he becomes unemployed. At the rate
s (m - e) /e, one of the other workers is separated, in which case the worker realizes a capital
gain equal to V (m - e) - V (m).7 Finally, if the firm chooses to post a vacancy, h (m) = 1,
6The term "loss" here will be justified, since we will see below that in equilibrium J (-) is indeed increasing.
7Contrary to J (.), V (.) will be decreasing, so that this is indeed a gain for the worker.
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then at the rate q (0) /e, there will be a further hire and the worker will experience a loss
of V (m) - V (m + E).
It is also straightforward to see that the value of an unemployed worker will be given by
rVu = b + q() M=~E°o g(m)h(m)[V(m + ) - V] (3.5)
m=o g(m)h(m)
Intuitively, the worker receives a flow of consumption equal to b when unemployed, finds a
job at the flow rate 8q (0), and this job comes from a firm that already has m employees,
thus giving the worker and value of V (m + e), with probability equal to the proportion of
vacancies posted by such firms; this is equal to g (m) h(m)/ [E' =o g(n)h(n)].
Clearly, Vu, as well as the strategies of workers and firms, depend on the distribution
g (-). This is in turn given by a simple accounting equation:
( sm h (m)q( (0) h (m - E)q(8) s(m + e)
S- g g(m)= (m-E)+ g(m + E), (3.6)
for given 0 E R+ and g (0) E [0, 1]. Intuitively, firms of size m leave this state if they shut
down (which happens at the flow rate 6), if they lose a worker (which happens at the rate
smiE), and if they hire a worker (which happens at the rate q (0) /e as long as they choose
h (m) = 1). Entry into this state either comes from firms of size m - c (at the rate q (0) /e
if they post a vacancy, i.e., h (m - e) = 1) or from firms of size m + e that lose a worker (at
the rate s(m + e)/E).
To complete the description of the environment, we also need to specify wage determi-
nation. As in the standard DMP search-matching models, and matched firm-worker pair
creates a quasi-rent, since their value together exceeds the sum of their outside options.
Wages are then assumed to be determined by some type of bargaining. Given that there
is a relationship between one firm and many workers, a natural bargaining concept is the
Shapley value, introduced in the seminal work of Shapley (1953). In this context, a natural
bargaining protocol, described by Stole and Zwiebel (1996a) leads to the Shapley value. In
particular, Stole and Zwiebel (1996a) show that if the firm bargains sequentially with each
worker, until agreement is reached with all, the equilibrium division of rents will correspond
to the Shapley value. Intuitively, when a firm contemplates disagreeing with a worker, it
realizes that this will increase the bargaining power of the remaining workers because of di-
minishing marginal return in the production function F (.). Since there is a single essential
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player, the Shapley value takes a simple form. First, recall that the Shapley value specifies
that in a bargaining game with a finite number of players every player's payoff is the average
of her contributions to all coalitions that consist of players ordered below her in all feasible
permutations. More explicitly, in a game with m+ 1 players, let 7r = {1r (0) , r (1) , ..., r (m)}
be a permutation of 0, 1, 2, ..., m, where player 0 denotes the firm and players 1, 2, ..., m are
the suppliers, and let zý = {j' I 7r (j) > 7r (j')} be the set of players ordered below j in the
permutation ir. Let the set of feasible permutations be II and the value of any coalition
from this set of permutations be given by the function v : - R. Then the Shapley value
of player j is
1
Shapley valuej = (m + 1)! [v (z U j) - v (z) .
7rErI
In other words, the Shapley value of player j is the average of her contribution to possible
coalitions ordered below her according to all possible permutations. The Shapley value
equation is symmetric in the sense that all players are treated identically. Applying this to
our context would imply the following simple equation in terms of value functions: J (m) -
J (m - e) = e [V (m) - VU], which implies that the incremental value that the firm receives
from employing the worker is equalized to the value that the worker obtains by being
employed rather than unemployed; the factor e on the right side of this equation arises
from the fact that the worker is of size e. This equation is use symmetry between the firm
and the workers in the bargaining protocol. Instead, as in the standard DMP setup, we
will use a slight generalization on this equation, which allows differential bargaining powers
between workers and firms. In particular, our wage determination equation will be
0 [J(m) - J(m - e)] = (1 - ~)e [V(m) - VU],
or
/AJ(m) = (1 - 3) [V(m) - VU], (3.7)
for all m E N, where 3 E (0, 1) denotes the bargaining power belonging to workers.
Now we can define a steady-state equilibrium.
Definition 3.2. A tuple (0, Vu, g (.) , J (-, .), V (-,-) , h (., ) ,w (., )) is a steady-state equi-
librium if
e J (m), V (m) and w (m) satisfy (3.2), (3.4) and (3.7).
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. g (m) E g satisfies (3.6).
* the value of an unemployed worker, V U, satisfies (3.5).
* there is optimal vacancy posting, i.e.,
h 1 if - 7 + q (O) AJ(m + e) >0 (3.8)
0 if - y + q (0) AJ(m + e) < 0.
* there is free entry, i.e.,
J (0) < k and 0 > 0, with complementary slackness. (3.9)
* V U E R+ is the value of an unemployed worker.
Notice that the steady-state equilibrium did not specify the unemployment rate u. This
is because, as in the standard DMP model, the unemployment rate can be determined
after the other endogenous variables. In particular, in steady state, a standard accounting
argument implies that the u unemployed workers will be matched and thus hired at the
flow rate 0q (0). On the other side, workers lose their job because of separations at the flow
rate s and because of firm shutdowns at the flow rate 6. Consequently, the steady-state
unemployment rate is given by equating flows into unemployment, (1 - u) (s + 6) with flows
out of unemployment, uOq (0), thus
s+6
u = . (3.10)
s + 6 + Oq (0)
It is straightforward to verify that, as in the standard DMP model, u is a monotonically
decreasing function of 0: steady-state unemployment is lower when the labor market is
tighter.
We can provide a partial characterization of a steady-state equilibrium. In particular, a
particularly neat formula relates wages to the production function and the outside option
of workers (that is, the flow value of being unemployed, rV"). This is the subject of the
following lemma.
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Lemma 3.1. In a steady-state equilibrium, wages and firm-value functions satisfy
(m + 1 ) w(m)-(m - e)w(m -- 6)
1-3
= eiF(m) + erVuZ + (h(m) - h(m - e)) (y - qAJ(m))
(3.11)
for m > 2e. In addition,
1-3
W(E) = eAF(e) + erVu + (h(e) - h(O)) (- - qAJ(e)). (3.12)
Proof. Subtracting the firm's Bellman equation (3.2) for m - e from that for m yields
qh(m)AJ(m+e) - [qh(m - e) + e(r + 6) + sm]AJ(m) + s(m - e)AJ(m - e)
= mw(m) - (m - e)w(m - E) - F(m) + F(m - e) - [h(m) - h(m - E)] y;
this equation holds for m > 2e. In the case m = E it follows that
qAJ(2e) - (q + e(r + 6) + se) AJ(e) = ew(e) - F(e) + F(O) - [h(e) - h(0)] 7.
Also, substituting from the Shapley bargaining equation into the worker's Bellman equation
for n, multiplying by e(1 - ,)/3, and rearranging gives that
qh(m)AJ(m + e) - (qh(m) + e(r + 6) + sm) AJ(m) + s(m - e)AJ(m - e)
1-0
- 1 [rVU - w(m)].
Comparing the previous equations establishes the relationships (3.11) and (3.12). EO
The wage equation derived in the lemma takes a particularly simple form in the case
when there is an m* such that h(m) = 1 for m < m* and h(m) = 0 for m > m*. An
equilibrium of this form is referred to as a threshold equilibrium (with hiring cutoff m*).
Naturally, only steady-state equilibria of this sort are of interest and in the rest of the paper,
by a (steady-state) equilibrium, we always mean a threshold steady-state equilibrium.8
8Suppose that the equilibrium does not take this form, in the sense that there exist mi and m2 > ml,
such that h (m) = 1 for some m > m2, but h (m) = 0 for m E [ml, m2]. Let m* be the smallest firm size such
that h (m* + e) = 0. It is straightforward to verify that, when we view firm size as a Markov process, all
states m > m* are transient. In particular, let P- (m, [rfi, ffi']) be the probability of reaching a state in the
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The proof of the following corollary is immediate on substituting the form of h(-) in
(3.11).
Corollary 3.1. In a steady-state equilibrium with hiring cutoff m*, for all m e E and
m , m*, wages satisfy the following difference equation:
( + -w(m)-(m - e)w(m- )= F(m) + 1 erV.
In addition, for m = e and m = m*, we have
E 1-03
w(e) = eAF(E) + erV-
/3
m* + 1 E) w(m*) - (m* - E)w(m* - e) = eAF(m*) + erV" + (qAJ(m*) - -y) .
The recurrence relation can be solved forward inductively to give an expression for each
w(m), m E EZ+ as a weighted sum of the terms AF(p), p < m. For the special case
in which the bargaining powers of firms and workers are symmetric, i.e., 3 = 1/2, this
representation takes a particularly useful form, which is recorded in the following corollary:
Corollary 3.2. Suppose that 3 = 1/2. In an equilibrium with hiring cutoff m*, then wages
are given by
) rVU  + 4 [F(m) - E m/E F(IE)] m < m*
W(M) 
+ 
p=
1rV" + [F(m) - Em/ F(pE)] + m(me) [qAJ(m*)- y] m > m*.
(3.13)
That is, wages at a firm with m workers are given by an average of the flow value of the
worker's outside option, rVu, and a term that measures the difference between the average
labor productivity at the firm with m workers and a weighted average of the marginal
product over the whole range of workers from the first up to the mth worker. The presence
of this difference term reflects the essence of the Shapley value assumption, which recognizes
the endogeneity of the outside option of the firm. In particular, if the firm were to disagree
in its bargaining with the mth worker, this would increase the bargaining power of all the
interval [rnz, rh'] starting from state m in r steps. Then from the accounting equations in (3.6), it is evident
that lim.,, P' (m, [rfh, mi']) = 0 for all mh' Ž> in > m* and for all m, since firms always lose workers at
positive flow rates and will never grow beyond m*. It follows that there is no loss of generality in restricting
attention to threshold steady-state equilibria.
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other workers and force the firm to pay higher wages to them. These wages would be related
to these workers' marginal products after the mth worker has quit, thus, with this reasoning,
the marginal product of each worker up to the mth features in the wage equation.
Equation (3.13) may become more intuitive when we rewrite the second term as follows:
m F(m) - F() m ( E [F(m) - F(pe))]
=0 =0
m(m + e) ii=1
This expression makes it clear that wages paid by a firm employing m workers will depend
most heavily on the marginal products that would apply if the firm were to employ slightly
fewer than m workers, while marginal products when it employs fewer workers receive less
weight in the wage formula. This is intuitive in light of the discussion above; disagreement
with the mth worker will force the firm to pay higher wages to remaining workers commen-
surate with their marginal products and the threat points they would have in that case,
which relate to the marginal products with just a few less workers.
Taking rV" and q(O), the optimal hiring behavior of firms and equilibrium wage bargains
are straightforward to characterize as solutions to a set of linear equations or as a solution to
a difference equation (see also Wolinsky, 2000). However, characterizing or even proving the
existence of a general equilibrium is difficult. The reason for this can be seen in the equation
for wage determination (3.13). Consider a cutoff equilibrium at m*, and suppose that, given
the values of rVu and q(O), a firm is indifferent between hiring an additional worker when it
has m* - e employees (thus qA(m*) = y). Then for appropriately-chosen parameter values,
there may also exist a cutoff equilibrium at m* - e. Now a small change in rV" and q(O) will
induce a discontinuous change in the hiring behavior of firms. Thus generally the worker's
value function V(.) does not vary continuously in (q (0), rVU), and therefore, neither does
the right side of equation (3.5). This makes it difficult to establish the existence of a solution
to the system of equations that characterize the equilibrium The same issues also lead to
a large range of multiplicity of equilibrium for most parameterizations, since whether firms
stop hiring at m* or m* - e can have a first-order effect on the vector (q (0), rV"), making
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multiple such vectors potentially part of steady-state equilibria. Both of these difficulties
arise from the presence of workers with discrete size. Motivated by this reasoning, we next
study the limiting economy as worker size e becomes small.
3.3 Model With Continuous Employment
3.3.1 Basics
In this section, we consider the results of the model defined by taking the limit of the model
introduced in the previous Section as e - 0. That is, we transform the number of workers
employed by the firm from a discrete variable m E eZ+ to a continuous variable n E R+.
This has several technical advantages; in particular, the equations that define the solution
are easier to work with. As an added advantage, this setting allows us to transform the
difference equations that arise in the discrete-worker setting to differential equations, which
have explicit form solutions.
More formally, we shall take the limit as e -4 0 in equations (3.2), (3.4), (3.6), and (3.7)
from the previous section. This essentially amounts to replacing the discrete first difference
operator with a differential operator, while leaving the equations of the model otherwise
unchanged. We therefore begin by introducing these close analogs of the basic equations
of the model; the intuition is identical to that provided in the discussion in the previous
section, and so discussion of the model setup will be brief here.
As in the previous section, we focus on anonymous steady-state equilibria and further
limit attention to threshold equilibria. In particular, this implies that all firms will use the
same equilibrium hiring strategy, which takes the form of a cutoff value n* such that firms
with fewer than n* employees post a vacancy and those with more than n* do not; i.e.,
h(n*) = 1 if n < n* and h(n*) = 0 if n > n*. As we will see below, the appropriate limits
also require firms with exactly n* workers to post vacancies, thus in fact, h(n*) = 1 if n • n*.
Finally, for natural reasons, we will focus on solutions in which the firm's value function
J(.) is twice continuously differentiable in the number of employees the firm currently has, n
(i.e., J (.) E C2(R+)). The Bellman equations and the Shapley value bargaining equations
(the differential analogs of (3.4) and (3.7) above) then require the wage and the worker's
value function be once continuously differentiable in the number of employees at the firm
(i.e., V (.) E C(IR+), w (.) E C(R+)). Below, we will prove the existence of a steady-state
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equilibrium with these features.
The setup is otherwise identical to that in the previous section.
Recalling equation (3.1) and taking the limit as e - 0 (under the assumption that
differentiable solution J (.) exists) immediately yields
(r + 6) J(n) = F(n) - nw(n) + max{0, -y + q(O)J'(n)} - snJ'(n). (3.14)
Under the assumption that firms are using a hiring strategy with cutoff at n*, this
equation can be further simplified to
(r + ) J(n)= F(n) - nw(n) - -y + (q(9) - sn)J'(n) n < n* (3.15)
F(n) - nw(n) - snJ'(n) n > n*
Recall that J(.) E C2. Consequently, optimality of the firm's hiring strategy at n = n*
requires the following boundary condition to be satisfied:
- 7 + q(O)J'(n*) = 0. (3.16)
This condition simply states that at n* the firm is indeed indifferent between posting a
vacancy and not. This boundary condition is not sufficient to characterize the solution to
the differential equation (3.15). An additional boundary condition comes from a standard
smooth pasting argument. Intuitively, notice that the firm is solving an optimal stopping
problem-at what point to stop posting additional vacancies. Thus the necessity of a smooth
pasting condition is not surprising. Intuitively, the smooth pasting condition requires that
n* is an optimal stopping point for the firm, in the sense that a small change in n* should
have no impact on the value of the firm. This is equivalent to the second-order condition
J"(n*) = 0. (3.17)
In addition, as in the discrete worker case of the previous section, we have a free entry
condition, which takes the form
J (0) < k and 8 > 0, with complementary slackness, (3.18)
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which is identical to (3.9) in the previous section, and requires that in order for there to be
positive activity in equilibrium, the value of k needs to be sufficiently low for firms to find
it attractive to gain access to the production technology.
To make further progress, we need to use the Shapley bargaining formula, together
with the worker's Bellman equation, to solve for the wage function w(.). Similarly to the
argument for the firm's Bellman equation, taking the limit as e -+ 0 in the worker's Bellman
equation (3.3) in the previous section yields:
(r + s +6) V w (= () + (s + ) V(3.19)
w (n) -snV' (n) + (s + 6) V" n > n*.
By an analogous argument, the Shapley value equation is
(1 - 3) [V (n) - Vu] = PJ' (n). (3.20)
To simplify the resulting differential equations and communicate the basic qualitative
features of the model, let us now focus on the case where 3 = 1/2, so that the Shapley
bargaining equation takes the simpler form
V (n) - Vu = J' (n) . (3.21)
Moreover, for future use, let us differentiate this equation to observe that
V' (n) = J" (n) . (3.22)
The equation for rVu that arises from the Bellman equation for an unemployed worker
closes the model. To write this equation, it is necessary to introduce additional notation
for the steady-state distribution of firms as a function of the number of workers already
employed by the firm; this differs slightly from the case with discrete worker size. As before,
we will solve the model only in steady-state, so we do not need to index the distribution of
firms by size according to time.
Denote the firm-size distribution by G(n). First, suppose that there exists a steady-state
for G(.) such that the density function g (n) is continuous on (0, n*), together possibly with
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an atom of mass G* at n*. Such a distribution G(.) is a steady-state distribution if g(-)
satisfies the steady state accounting equation equating, for each n E (0, n*) and each e > 0
sufficiently small, the flow of firms into and out of the interval (n - e/2, n + e/2):
( q() sn q(O) s(n + e)
-- g(n) = g(- e) + g(n + ) + O(e). (3.23)
Taking limits as e -* 0, it follows that any differentiable solution to this equation must
satisfy the following differential equation for g(n):
g'(n) _ 6- s (3.24)
g(n) sn - q"
Integrating (3.24) gives that the general solution (for q - sn > 0) is given by
6--8
g(n) = A(q - sn)-. (3.25)
There are two cases to consider: the case where n* > q/s and the one where n* < q/s.
The importance of this distinction is that when n = q/s, then ignoring firm death, flows
due to hiring and worker separation balance out; for n larger, there is a net loss of firms
of size n even disregarding firm death. Thus the firm size distribution is supported on
[0, min{(n*, q/s}]. In the case of interest, in which n* < q/s, then even at n = n*, there is
a positive "flow" of firms at n - e for any e > 0; this leads to an atom at n*. To calculate
the size of this atom, again equate the flow of firms into and out of n*, to obtain:
(q - sn*)g(n*) = 6G*. (3.26)
Notice that (3.26) assumes the outflow of firms from the state n* is given only by firm death.
This is a consequence of the feature that h (n*) = sn*/q, i.e., firms at n* still post vacancies
and are hiring continuously, but only at a rate that allows them to counteract their loss of
workers to the separation shock. This hiring is what maintains the atom at G*. A more
intuitive explanation for this is that at n*, the firm is indifferent between posting a vacancy
or not. If it posted a vacancy for sure when at n*, so that h(n*) = 1, it would quickly
hire workers faster than it loses them to separation, since q > sn* by assumption; the firm
would then move to having n > n* workers. However, as soon as this happens, it would
then strictly prefer not to post a vacancy, and would therefore lose workers again until its
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workforce size falls to n*. Conversely, if the firm does not post a vacancy at n*, so that
h(n*) = 0, then it would quickly drop to n < n* and begin hiring again. The only possibility
is that the firm must use a mixed strategy and post a vacancy with a flow probability of
h(n*) = sn*/q; this ensures that the rate at which the firm attracts new workers, h(n*)q,
equals the rate at which it loses workers, sn*.9
Now combining (3.25) and (3.26), we obtain:
A(q - sn*) 8 = 6G*.
To solve for A, note that since G(-) is a probability distribution, we must have
G*+ g(n) dn = 1.
This implies A = 6q-1/s, so that the steady-state firm size distribution is given by
6 sn. s -s qg(n) = 1 - )- = (q - sn) if n E [0, min(n*, ) (3.27)
with an atom of mass
G* -- 1_- (3.28)q) q
at n* in the case where n* < 2.
Figure 3-1 shows this distribution for a case in which sn* < q and 6 < s, which is the
empirically relevant case. The size G* of the atom at n* is not shown, although its location
n* is indicated with a vertical line.
Finally, observe that since the stochastic process for a firm's size satisfies an ergodicity
condition, the steady state distribution G(-) is unique, so there was no loss of generality in
9In the discrete model with workers of size e > 0 of the previous section, mixed strategies are not required,
but an analogous result holds. Firms with n* workers in this case generally strictly prefer not to post a
vacancy, while firms with n < n* strictly prefer to do so. Thus a firm that has n* workers will lose a worker
with flow probability sn*/e, while a firm with n* - e workers will gain an additional worker with probability
q/e and lose one with probability sn*/e - 1. Since as e -- 0, q/e - [sn*/e - 1] -- oo, one can verify that
a firm that has n* workers will, in the future, have exactly n* workers for a fraction 1 - sn*/q of the time
until it is destroyed, and exactly n* - e workers for a fraction sn*/q of this time. That is, the firm will post
a vacancy a fraction sn*/q of the time. Averaging over all firms with n* workers establishes the result.
It is also useful to note the difference between the E > 0 economy with workers on discrete size and the
limit e -- 0 economy in this respect. While in the economy with workers of discrete size, aggregate dynamics
of the firm size distribution are deterministic, each individual firm's size follows a nontrivial stochastic
process. In contrast, in the limit economy, the growth process of each firm is deterministic.
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Figure 3-1: Steady state density function g(n)
solving only for a distribution in which g(-) is continuously differentiable on (0, n*).10
We can now write the Bellman equation for an unemployed worker. In the case where
q > sn* (i.e., when there is an atom of positive mass of firms at n*), recall that we have
h (n*) = *.-; thus we have to incorporates the probability of an unemployed worker being
hired by a firm of size n*. Consequently, the Bellman equation for an unemployed worker
is simply
fo V(n)g(n) d + sn* V(n*)G*
rVu = b + Oq -Vu + n) d + G(3.29)
The equations given above characterize almost completely any equilibrium of the model
in the class we are considering (those that satisfy the differentiability assumptions and in
which firms use symmetric cutoff hiring strategies). The only additional requirement is to
check that firms and workers are behaving optimally.
This completes the characterization of an equilibrium, which we record as the following
definition, analogous to Definition 3.2.
10For the ergodicity argument it is convenient to think of firm death as a shock that changes the size of a
firm to 0, rather than causing entry of a new firm; in this case the uniqueness of the invariant distribution
is immediate from Theorem 11.9 of Stokey and Lucas with Prescott (1989).
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Definition 3.3. An anonymous (threshold) steady-state equilibrium is a tuple
(, V , g (.) , J (, ) , V (., ) , h (., .), w (., -))
such that
* J (m), V (m), and w (m) satisfy (3.15), (3.19) and (3.20).
* g (m) e g satisfies (3.27) and (3.28).
* the value of an unemployed worker, Vu, satisfies (3.29).
* there is optimal vacancy posting, i.e.,
h (m)= 1 if - + q ()J'( m)>O (3.30)
0 if - + q () J'(m) < 0.
* there is free entry in the sense that equation (3.18) holds.
As in the previous section, the steady-state unemployment rate can be determined after
the other endogenous variables, and is given by (3.10), making the unemployment rate, u,
once again a monotonically decreasing function of the tightness of the labor market, 0.
3.3.2 Equilibrium Characterization
To begin analysis of such equilibria, first observe that not surprisingly, a continuous analog
of equation (3.13) holds and gives a simple expression for the wage function w(-). To obtain
this equation, substitute from the bargaining equations (3.20) and (3.22) into the worker's
Bellman equation (3.19) and rearrange to observe that for n E (0, n*),
(r + s + 6)J'(n) - (q - sn)J"(n) = w - rVu. (3.31)
On the other hand, differentiating the firm's Bellman equation gives that for n E (0, n*),
(r + s + ) J'(n) - (q - sn)J"(n) = F'(n) - w(n) - nw'(n). (3.32)
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Equating (3.31) and (3.32) shows that in any twice differentiable solution to the program
above, it must be that for n E (0, n*),
2w(n) + nw'(n) = F'(n) + rVu. (3.33)
A similar argument shows that this equation also holds for n > n*, though this is less
important for our analysis. Integrating (3.33) by parts gives:
1 1 IK
w(n) = -rV + [F(n) - f F(m) dm +
where K is a constant of integration. Next note that if K = 0, then as n - 0, the firm's
total wage bill satisfies nw(n) = O(1/n). For finite q, this implies that the firm's value
function can be written as
J(0) = E e- (r+±)t [F(n (t)) - n (t) w(n (t))] dt,
where n (t) denotes the number of employees at time t. Evidently, J (0) is equal to +oo if
K < 0 and to -oo if K > 0. Therefore, the constant of integration must be equal to zero,
i.e., K = 0. This argument establishes the following lemma.
Lemma 3.2. In a steady-state equilibrium, wages satisfy
w(n) = -rVu + - F(n) - - F(m) dm] (Vn > 0). (3.34)2 n no
This lemma shows that despite the additional general equilibrium interactions, wages
in this model take a form identical to those in Stole and Zwiebel (1996a,b) and Wolinsky
(2000). This explicit form characterization of wages will be important in further character-
ization and proving the existence of a steady-state equilibrium. A graphical representation
of the dependence of wages on the number of workers employed at the firm is indicated
in Figure 3-2. (This figure shows the wage function arising in the calibrated example of
a Cobb-Douglas production function used in Section 3.4.2.) Also shown are a horizontal
line indicating the flow value of the unemployed, rVu, and the marginal product function,
F'(n).
Our next results show that, as depicted in Figure 3-2, wages and flow profits satisfy
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Figure 3-2: Wage, marginal product, and outside option
convenient boundary conditions.
Lemma 3.3. In a steady-state equilibrium, wages are strictly positive, strictly decreasing
with firm size, and, satisfy
1
lim w(n) = +oo and lim w(n) = -rV".
n-nO+ n--oo2
Moreover, the flow profit r(n) = F(n) - nw(n) of the firm is maximized at some n E [0, oo)
and satisfies
lim ir(n) = 0 and lim ir(n) = -oo.
n.--O +  n--+oo
Proof. See Appendix. O
The fact that wages at very small firms become very large arises from the Inada condition
on the firm's production function, since the marginal product also becomes arbitrarily large
as n decreases to 0.
The closed form equation for wages also allows the value functions for firms to be derived
in closed form as shown in the following lemma.
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Lemma 3.4. In a steady-state equilibrium with labor market tightness 0, the firm's value
function J(.) satisfies
J(n) = (q (0)- sn)- [q(08) k+ j(q - sn) - + 2+rVU - F(v)dv dm1
(3.35)
for all 0 < n < n*.
Proof. See Appendix. O
While the closed form solution for the firm's value function looks complicated, it has a
relatively simple structure and enables us to further characterize the form of the equilibrium.
In particular, differentiating this value function, J(.), with respect to n allows the boundary
conditions at n* also to be written in closed form. More specifically, equation (3.16) becomes
1 n* sn_* 1 , n* ]J(n*) = rV - + - F(m) dm , (3.36)
r + 6 2 q (0) n* 0
while the smooth pasting condition (3.17) becomes
1 1 n 1 (r + 6 + s)7
n* n* 2 q (0)
It is interesting to observe that this latter can also be expressed as
(r + 6 + s)7
w(n*) = r + + (3.38)q (0)
Equation (3.38) is very intuitive and states that the firm continues to hire until the wage
it pays equals the outside option of the worker, rVu, plus a term that is proportional to
the severity of the labor market friction (parameterized by the flow cost of posting an
application, y, divided by the productivity of that posting, 1/q (0)). This wage equation is
therefore comparable to the result obtained in a static setting by Stole and Zwiebel (1996a)
(see their Corollary 1 on page 396) and generalized to a dynamic setting by Wolinsky (2000).
In these previous analyses, since there is no hiring margin (and no frictions), the second term
is absent. Consequently, those models always imply "over-hiring" relative to a hypothetical
competitive benchmark; firms will hire more than this competitive benchmark in order to
reduce the marginal product of workers and thus their bargaining power according to the
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Shapley bargaining protocol (see Stole and Zwiebel, 1996a). Our analysis shows that this
over-hiring result may or may not apply in general equilibrium; when - is small, it will, but
it could fail to do so when y is large and q (0) is relatively small.
Substituting the closed form expressions for J(n*) given by (3.36) into the formula for
J(.) given by (3.35) and rearranging gives an expression which will be useful in characterizing
equilibria.
k =J(0) =J() ( (n*)( -• *  (3.39)
- q ( ( ) - sm) [ - + •--•rVu - - F(v) dv] dm.
o2 m2 om
Equation (3.38), together with the worker's Bellman equation (3.19) and the closed form
equation for wages given by (3.34), allow the worker's Bellman equation to be expressed
more simply also.
Lemma 3.5. For 0 < n < n*, the worker's value function V(.) satisfies
-y q (0) - sn* 3V(n) = u +  (9)sn (3.40)
+ (q (0) - sn)- + (q (0) - sm) (m) dm.
Equivalently,
r+6+s
r+,+s _(()-sn* s
V(n) (V + .* q 0) - sn  1(q(O)-ssn\
q (0) q () - sn 2(r + + s)
-r+++s n *  r+5
+ (q (0) - sn) I (q (0) - sm) -0(m) dm. (3.41)
where
0(n) - [F(n) - - F(m) dm .
n n
Proof. See Appendix. IO
These equations now enable us to represent a steady-state equilibrium as the intersection
of two curves in (q (0) , rVu)-space. In particular, suppose we know that in some equilibrium,
the rate at which firms meet workers and the flow value of an unemployed worker equal
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q(O) and rV" respectively. Then firms take as given the path of wages that they will have
to pay, w(-), given by (3.34). This means that their decision as to when to stop hiring,
n*, is given as the solution to an optimal stopping problem; n* is then determined as
the solution to (3.37), and the value of J(n*) can be deduced from (3.36). Denote this
value by n*(q, rVu). Next, solving the differential equation (3.35) with initial condition
(n*(q, rV"), J(n*(q, rVU))) allows us to solve for J(O). The resulting expression is given
in closed form by the right side of (3.39). If the free entry condition is satisfied, then
the value of J(O) so derived must equal the capital cost of entry k to ensure that (3.39)
is satisfied. This provides one condition for (q, rV") to be part of an equilibrium. The
remaining condition for (q, rVu) to be part of an equilibrium is (q, rV", n*(q, rVU)) must
satisfy (3.29), the Bellman equation of an unemployed worker. It remains to check that firm
and worker behavior is optimal; for firms this is true by construction of n*(q, rVU), while
for workers, this follows since according to Lemma 3.3 and equation (3.38), the wage at
any firm that is represented in equilibrium is strictly greater than rVu, so that it is always
optimal to accept any job offer. We record this conclusion as the following Proposition.
Proposition 3.1. Let q(O) > 0 and rVu > 0 be given. Then there is a steady-state
equilibrium allocation with queue length q(8) and value of an unemployed worker given by
rVu if and only if (3.29) and (3.39) are satisfied with n* defined as the unique solution to
(3.37) and J(n*) given by (3.36).
Proof. Most of the proof is given in the discussion preceding the statement of the propo-
sition. The uniqueness of n*(q, rVu) follows from the proof of Lemma 3.3, together with
(3.37). El
We are now in a position to prove an existence theorem.
Theorem 3.1. An steady-state equilibrium with cutoff hiring strategies exists.
Proof. See Appendix. OE
The proof of the Theorem consists of showing that there exist (q, rVu) satisfying the
hypothesis of Proposition 3.1. Here, we present a diagrammatic exposition, emphasizing the
intuition. The proof of Theorem 3.1 establishes that an equilibrium with positive activity
exists if
1 P
k < max - IF(m) dm - nb ,
n>O Jo
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Figure 3-3: Equilibrium determination
where the existence of the maximum on the right side follows from Lemma 3.3. In this case,
Figure 3-3 shows a diagram depicting in (q, rV")-space the two curves described in the
discussion preceding Proposition 3.1. The upward-sloping curve is the free-entry condition
of firms, equation (3.39); it is upward-sloping since, all else equal, an increase in rVu,
must be compensated by an increase in q, which makes entry into the labor market more
profitable for firms. This is because a higher rVu translates into higher wages, so that
the profit margins of firms decline. Zero profits can only be ensured by leaving vacancies
unfilled for shorter durations, thus by an increase in q. The downward-sloping curve is the
Bellman equation for unemployed workers. It is downward-sloping since an increase in rVu
on the right side of (3.29) corresponds to an increase in wages; to keep the flow value of
an unemployed worker satisfying this equation, it must be that hiring is more rapid (that
is, q is larger), so that when hired, the worker spends less time earning the high wage he
receives when his firm is smaller.
Comparative statics of the response of the endogenous variables q(O) and rV" can now
be obtained from the diagrammatic representation of the equilibrium. While general con-
clusions are difficult to draw, the general features of the comparative statics are quite clear.
The movements of the free-entry condition, (3.39), are generally unambiguous. For exam-
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ple, in response to an increase in productivity, it moves upwards. This is because for a
given (q, rV"), increased productivity increases flow profits for all firms, and so increases
the implied value of entry, J(0); to keep the free entry condition satisfied, rV" must in-
crease for each q. Similarly, the free-entry condition, (3.39) moves downwards in response
to an increase in k. Since a change in k does not affect the other curve, it has unambiguous
effects on the steady-state equilibrium in the situation depicted in the diagram in which the
worker's Bellman equation is downward-sloping; an increase in k reduces rVu and increases
q (0). This also corresponds to a decline in 0 and therefore, from (3.10), to an increase in
the steady-state unemployment rate. In all calibrated examples we have investigated, the
worker's Bellman equation has indeed been downward-sloping. We therefore conjecture that
an increase in the cost of entry unambiguously reduces the tightness of the labor market,
0, and increases steady-state unemployment, u, but we do not at present have a proof of
this assertion.
The impact of a productivity shock on equilibrium variables, on the other hand, is
ambiguous because productivity shocks have a potentially ambiguous effect on the other
curve. This is because the impact of a productivity increase on the optimal employment
level of firms, n*(q, rV"), is ambiguous. For a given (q, rV"), the wages paid at a firm with
any fixed number n of workers, w(n), increase; however, the increase in n* means that more
workers are employed at larger firms, which, all else equal, pay lower wages. In calibrated
examples, the first effect tends to dominate, so that the curve moves upwards. An example
where this is the case is shown in Figure 3-4. The dashed lines indicate the movement of
the curves after a Hicks-neutral increase in productivity. In this case, the utility of workers
increases unambiguously, but the response of the equilibrium job-finding rate for firms, q(O),
is ambiguous. Nevertheless, in many calibrated examples, including the example shown in
Figure 3-4, q(0) decreases in response to the increase in productivity, so that workers' job-
finding rate rises and steady-state unemployment falls. Another interesting feature of this
example is that n* also falls in response to the positive productivity shock. This implies
that in the new steady state firms are, on average, smaller. Consequently, much of the
adjustment to the new steady-state takes place at the extensive margin, that is, by the
entry of new firms, while existing firms in fact decline in size. This is a pattern we find
consistently in the calibrations, and underlines the importance of considering separating
the intensive and extensive margins of employment creation.
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Figure 3-4: Response to a positive productivity shock
Since the implications of an increase in productivity are potentially ambiguous, we
therefore investigate in the following section the response of unemployment, wages, and the
vacancy-to-unemployment ratio to productivity shocks by using a simple calibrated version
of the model.
3.4 Response to Productivity Shocks: A Calibration
3.4.1 Motivation
In this section, we examine the effect of productivity shocks on steady-state unemployment,
wage and vacancy-unemployment rates. As discussed in the previous section, while the basic
trade-offs are apparent from our graphical analysis, both the direction and the magnitude
of the effects are not always determinate. This motivates our more detailed analysis of a
simple calibrated version of the above economy.
Another motivation for this exercise is the recent criticisms of the DMP model mentioned
in the Introduction. Shimer (2005b), for example, shows that a reasonably calibrated version
of the DMP model also fails to generate large responses of employment (or unemployment, or
the vacancy-unemployment ratio) to changes in firm productivity. Shimer (2005b) and Hall
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(2005c) document that this limited response of employment in the DMP model has its roots
in the significant wage responses to changes in firm productivity. This intuition suggests that
a model along the lines of the one presented in this paper might potentially generate different
qualitative and quantitative patterns in response the productivity shocks. The reason for
this is that, as our analysis illustrates, wages are no longer tied to average product, but are
given by a weighted average of average and marginal products. In particular, recall that
wages in the discrete worker version of our economy are given by
1 1
w(m) = rV + m(m + ) E vAF(ve). (3.42)
v=l
While the first-term is the outside option of the worker, the second term consists of a
weighted average of the marginal product of different workers.
To see why a search model with wage determination given by (3.42) may potentially
differ both qualitatively and quantitatively from the DMP model, let us first recall that in
the baseline DMP model (with 3 = 1/2 for the sake of comparison to (3.42)), wages are
given by
1 1
w = -~rV + y. (3.43)2 2
Here rVu is the flow outside option of the worker (i.e., what he or she will receive per
period when unemployed; see, for example, Pissarides, 2001) and y is the productivity, or
equivalently, average product of the worker. An increase in output (due to any source
of productivity increase) corresponds to a rise in y, which immediately translates into an
increase in w. Moreover, this will typically increase the value of an unemployed worker
through two channels: first, when the worker becomes employed, he or she will receive
higher wages (as long as the increase in y is not transitory); and second, the rate at which
workers leave unemployment will also increase. Consequently, equation (3.43) implies a
fairly elastic response of wages to changes in productivity. For example, in Shimer's (2005)
baseline simulation the wage rate increases by around 1% in response to a 1% change in
labor productivity. As we have seen in our baseline model, job creation, in turn, is a function
of revenue net of wages depending on the form of the matching function as captured by
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q (0). In a reduced form, we can write:
Job Creation = , (y - w)
= r ((y - rJU) /2),
where n, (.) is naturally strictly increasing. This structure implies that changes in y will
have a limited impact on y - w, and therefore only a dampened effect on job creation.
Now let us turn to our environment and approximate the wage equation (3.42), with
the following weighted average of average and marginal product,
w = -1r V + 1 [ (m ( + F(l- (m I B), (3.44)2 m
where F (m I B) is the production function, with B as a shift parameter, and 77 is an
endogenously determined weight.
Now consider the widely-used constant elasticity of substitution production function for
F, with B interpreted as a labor-augmenting productivity B:
F(mIB)= [(1- )K + (Bm) ]' ,
where again ¢ E (0, 1), K is fixed and a E [0, 0o] is the elasticity of substitution between
labor and K. When a = oo, there are no diminishing returns to labor, when a = 0, the
production function is Leontief, and when a = 1, the production function is equivalent to
the Cobb-Douglas function above. Interpreting K as capital, existing evidence suggests that
an elasticity of substitution a E (0, 1) might be most reasonable (see, e.g., the summary of
the evidence in Acemoglu, 2003). With this production function, (3.44) implies:
w(m)= rVU +1 [+ m + (1- 77) B 'am y• ,
where y = F (m I B) is the output level. Rearranging this equation in supposing that
m = 1, we obtain:
1 1 1 1•1 1
w(m= 1)= 2rVU y- - y. (3.45)2 2illustration purposes, suppo e that m remai s constant at 1 in response to a produc-2
For illustration purposes, suppose that m remains constant at 1 in response to a produc-
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tivity shock. Then it can be verified that if 77 is sufficiently small and the marginal product
changes less than average product, the change in w (m) can be much less than in the base-
line Nash bargaining equation (3.43). For example, in the extreme case where a --+ 0,
the production function becomes Leontief, and if Bm > K, then the marginal product of
the mth worker does not respond at all to an increase in productivity. Correspondingly,
firm revenues net of wages can increase much more, raising job creation by more than the
standard DMP model.
However, this reasoning is predicated on 77 being small, which is itself an endogenous
variable. As we have seen above, wages depend on the distribution of firm sizes in the econ-
omy and on the exact form of the production function (since they are given by a weighted
average of the marginal product of all workers up to the current level of employment m).
Therefore, whether the response of wages to productivity shocks will indeed differ markedly
in this model compared to the response in a model in which an equation similar to (3.43)
occurs depends on the entire structure of the equilibrium. We next turn to investigate
this question and, somewhat surprisingly, find that the response of wages to protect due to
shocks in this generalized search model is quite similar to that in the baseline DMP model.
3.4.2 Calibration
Although our objective is to illustrate the potential wage and employment responses result-
ing from the generalized search model presented here, we choose parameters to approximate
the labor market equilibrium in U.S. data. For comparability with the benchmark paper in
this literature, we use the calibrations of Shimer (2005b) where possible. Following Shimer,
we first normalize the mean wage paid to workers to be 1, and set the flow utility enjoyed
by the unemployed, b, to be equal to 0.4. Next, we choose the unit of time to be equal to
a quarter, and therefore can again borrow Shimer's calibrations by setting the interest rate
r equal to 0.012. We also follow Shimer and Petrongolo and Pissarides (2001) in assuming
that the aggregate matching function M(u, v) takes a Cobb-Douglas form,
M(u, v) = Zu1v 1- 1,
with 7 = 0.72 and Z chosen so that the average job-finding rate for the unemployed, Oq(O), is
1.355. In addition, we take from Shimer's paper (along with Davis, Haltiwanger, and Schuh,
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1996) that the gross rate of job destruction, s + 6 should equal 0.10. Finally, we arbitrarily
set the flow cost of posting a vacancy as -y = 0.5, half the average wage; the results are not
sensitive to this choice.
We also need to match basic facts about the firm size distribution. The average employ-
ment of U.S. firms (both publicly- and privately-held) is reported by Davis, Haltiwanger,
Jarmin and Miranda (2006) as 23.8, and we calibrate so that the mean firm size matches
this figure. In addition, we choose to set the ratio of separations due to plant closure to
those equal to 5, so that 238s = 5; this roughly matches data for U.S. manufacturing plants
from Davis, Haltiwanger, and Schuh (1996).11
We study four calibrations of the model, one Cobb-Douglas function F(n) = An", and
three CES functions of the form F(n) = A [(1 - 0) (BKK) + (BLL) , where K
is the capital stock of a firm, which will be normalized to 1.
In each production function, one parameter is pinned down by the requirement that
the average wage be equal to 1; the remaining parameters are chosen arbitrarily. The
parameterization is recorded in Table 3.1, along with the levels in steady-state equilibrium
of the basic endogenous variables of the model. Note that in each case, the production
function is calibrated so that the average employment per firm is 23.80, and the average
wage is 1.00.
The results are reported in Table 3.2. The numbers shown in the table are elasticities of
the response of the variables shown in the first row of each column to a productivity shock.
In the case of the Cobb-Douglas production function, this shock arises from a change in the
neutral productivity parameter A. In the case of the CES production functions, the shock
can be neutral (arising from a change in A), capital-specific (arising from a change in BK),
or labor-specific (arising from a change in BL). The two panels of the table differ with
respect to how the change in productivity is calculated. In the first panel, we calculate the
average output per employed worker in the economy in the steady-states before and after
the change in productivity, and divide the proportional changes in the variables of interest
(the unemployment rate, the vacancy-to-unemployment ratio, the average firm size, and the
"Davis, Haltiwanger, and Schuh (1996) note in Figure 2.3, page 29, that if one looks at quarterly data,
11.6% of job destruction occurs in plant shutdowns; in annual data, 22.9% of job destruction occurs in
plant shutdowns; the reasons for the discrepancy are that closure takes time and that transitory plant-level
employment changes are more important in higher frequency data (fn. 9, p. 27). We therefore choose an
intermediate value: our calculation implies that one-sixth, or 16.7%, of job destruction occurs because of
firm destruction.
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Production fn. A a a BL n* I F p u v/u
Cobb-Douglas 7.43 0.50 na na 23.88 36.22 1.52 0.069 0.027
CES: a = 1.3, 31.01 na 1.30 0.06 23.88 37.18 1.56 0.069 0.027
BL = 0.06
CES: a = 0.5,CES: a 0. 28.89 na 0.50 0.06 23.88 33.95 1.43 0.069 0.027
BL = 0.06
CES: 0. 31.31 na 0.10 0.06 23.96 33.61 1.41 0.069 0.027
BL = 0.06
CES: 0.5, 47.70 na 0.50 0.60 23.88 89.11 3.74 0.069 0.026
BL = 0.6
BaL 0.5, 96.20 na 0.50 2.00 23.87 188.38 7.92 0.069 0.026
BL = 2.0
For all CES examples, q = 0.5 and BK = 1.
Table 3.1: Parameters and equilibrium values of key endogenous variables
average wage) by the proportional change in productivity so measured. In the second panel,
we calculate the change in productivity at a firm of fixed size equal to 23.8 workers and
perform the analogous calculation; thus, the first panel incorporates changes in productivity
arising from worker redistribution across firms between steady states, while the second panel
does not.
A number of interesting features are worth noting. First, there are marked differences
depending on whether we measure productivity by average product in the economy or
for a firm of fixed size. In the former case, reported in the first four columns of Table
3.2, the quantitative impact of increase in productivity on unemployment and the vacancy
unemployment ratio are very similar to the benchmark DMP model shown in the first row.
In the latter case, reported in the last four columns of the table, the effects are potentially
larger. This suggests that short-run and long-run responses to productivity shocks could
be quite different. However, further analysis of this issue requires us to solve for non-
steady-state dynamics, which we plan to do in future work. Second, when productivity is
measured for fixed firm size, the exact form of technology shocks has a major impact on the
response of unemployment and wages. This poses a further range of questions again related
to short-run and long-run responses. Third, increases in productivity typically reduce n*.
This suggests that much of the adjustment to a change in productivities takes place at the
extensive margin, by entry of new firms rather than hiring by continuing firms. This is an
important implication, and may again differ between the short-run and the long-run.
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Table 3.2: Elasticity of responses to productivity shocks
3.5 Conclusion
This paper generalized the standard Diamond-Mortensen-Pissarides (DMP) search model
of unemployment to a setting in which there are both intensive and extensive margins of
employment creation. In our model, each firm can invest to gain access to a production tech-
nology with diminishing returns to labor and then post vacancies in order to recruit workers.
Entry by new firms corresponds to the extensive margin of employment creation, while job
creation by existing firms captures the intensive margin. As in the baseline Diamond-
Mortensen-Pissarides search model and theories of the firm developed by Stole and Zwiebel
(1996a,b) and Wolinsky (2000), wages are determined by continuous bargaining between
the firm and its employees.
We first characterized certain properties of the equilibrium in a baseline model where
each firm can hire a countable number of workers. Although this model is a natural gen-
eralization of the standard DMP model, the fact that the choice variable of each firm is
a discrete variable makes its analysis difficult. We therefore provided a more complete
characterization of equilibrium and the proof of existence of a steady-state equilibrium in
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G(-) adjusts Fixed firm size
Production fn. Shock u v/u n* w u v/u n* w
Benchmark -0.45 1.35 na 1.00 -0.45 1.35 na 1.00
Cobb-Douglas Neutral -0.38 1.08 -0.98 1.00 -0.76 2.18 -1.97 2.01
CES (a = 1.3) Neutral -0.42 1.15 -1.15 0.90 -0.97 2.72 -2.69 2.09
K-spec. -0.44 1.28 -1.30 0.82 -1.23 3.54 -3.58 2.26
L-spec. -0.38 1.08 -0.99 1.00 -0.73 2.09 -1.90 1.92
CES (a = 0.5) Neutral -0.29 0.83 -0.60 1.16 -0.45 1.29 -0.94 1.81
K-spec. -0.13 0.37 0.09 1.45 -0.12 0.35 0.09 1.37
L-spec. -0.38 1.09 -0.99 1.00 -0.92 2.65 -2.41 2.43
CES (a = 0.1) Neutral -0.22 0.61 -0.29 1.28 -0.30 0.86 -0.40 1.77
K-spec. 0.21 -0.59 1.57 2.01 0.08 -0.24 0.62 0.80
L-spec. -0.38 1.09 -0.99 1.00 -10.25 29.29 -26.64 26.85
CES (a = 0.5, Neutral -0.37 1.09 -0.79 1.49 -1.60 4.67 -3.36 6.36
BL = 0.6) K-spec. -0.38 1.10 -0.74 1.64 -1.31 3.81 -2.57 5.68
L-spec. -0.38 1.09 -0.99 1.00 -5.88 16.80 -15.21 15.33
CES (a = 0.5, Neutral -0.40 1.21 -0.83 1.66 -3.55 10.78 -7.42 14.78
BL = 2.0) K-spec. -0.41 1.22 -0.83 1.74 -3.26 9.82 -6.64 13.94
L-spec. -0.39 1.10 -1.00 1.00 -18.76 53.28 -48.34 48.29
the limit economy, where the size of each worker becomes infinitesimally small. Another
advantage of this limit economy is that the steady-state equilibrium can be characterized
by a set of differential equations, which admits closed-form solutions. Consequently, despite
the presence of general equilibrium interactions and forward-looking bargaining between the
firm and multiple workers, the equilibrium takes a relatively tractable form.
After providing some simple comparative static results, we also undertook a simple
calibration of our baseline economy to investigate whether the response of unemployment
and wages is qualitatively and quantitatively different in this model than in the baseline
DMP model. Since wages in our model are a weighted average of marginal and average
products of different workers, such a difference is theoretically possible. Nevertheless, our
calibrations indicate that the quantitative implications of the generalized search model may
be quite similar to the baseline DMP model. Whether they are so or not depends on how
productivity is measured (a question that arises since labor productivity differs across firms
which have different sizes). When we look at productivity measured for fixed firm size, the
quantitative magnitudes are larger and also more responsive to changes in the form of the
production function. This suggests that short-run and long-run responses to various shocks
may differ in this class of models. We intend to investigate this issue in the future work
by undertaking a systematic analysis of non-steady-state behavior. In addition, our results
suggest that the extensive margin may be quite important in adjusting to new steady states.
Whether the extensive margin is also equally important in the short run is another question
we will investigate in the future.
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3.6 Appendix
Proof of Lemma 3.3. Define
(n) = [F(n) - - F(m)dm],
then O(n) > 0, 0'(n) < 0, and limno+ O(n) = +oo and limn--c, O(n) = 0. To see these
facts, observe first that n20 (n) = fon [F(n) - F(m)] dm > 0 since F is strictly increasing.
Next, observe that
n 3 n nn
2
-0'(n) = F(n) dn - nF(n) + -F'(n),2 fo 2
whereas from a third-order Taylor expansion for n -H on F(m) dm at 0 about n, we have
that for some v c (0, n),
= Pn2 n3
0 F(n) dn - nF(n) + -F'(n) -F"(v);
since F"(v) < 0, it follows that 0'(n) < 0 for all n > 0. Next, a similar second-order Taylor
expansion implies that for all n > 0,
1
O(n) = -F'(v)2
for some v G (0, n); it follows from the Inada condition that limn-o+ O(n) = +oo. Finally,
that limn-lo i(n) = 0 follows from observing that 0 < O(n) < -F(n) -* 0 as n -* 00,
together with the squeeze principle.
The results concerning the profit function follow immediately from observing that
1 n n
7r(n) = 1 F(m) dm - -rVU.
n o 2
It follows that 7r'(n) = O(n) - !rVu, from which it follows immediately that 7r" is strictly
concave. The remaining claims follow from substituting n = 0 in the formula for ir(.), and
from observing that
1 1
lim r'(n) = lim O(n) - rV" = rV" < 0.
n--Xoo n--.oo 2 2
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Proof of Lemma 3.4. First, substituting from (3.34) into (3.15) establishes that for 0 < n <
n*, the firm's value function J(-) satisfies
(q(O) - sn)J'(n) = (r + 6) J(n) +y + rV - F(m) dm . (3.46)
If q(O) - sn* > 0, then the function n • - satisfies a Lipschitz condition on [0, n*]; it
follows from Picard's theorem and associated results on ordinary differential equations that
there is a unique solution to (3.46) on (0, n*) in this case. This solution is given by
J(n) = (q - sn) K + (q - sn) y + rV" - F(v) dv) dm] (3.47)
where K is a constant of integration. It follows from the free entry condition (3.18) that
K=q k. O
Proof of Lemma 3.5. The proof is analogous to that of Lemma 3.4. Write T(n) = V(n) -
V". Then the worker's Bellman equation (3.19) is
(r + s + 6)T(n) = w(n) + (q - sn)T'(n).
A boundary condition is given by the fact that at n*, the worker is paid w(n*) until the job
ends (with flow probability 6 + s); this implies that V(n*) satisfies
rV(n*) = w(n*) + (s + 6)[V" - V(n*)],
or, since w(n*) = rV" + (r + 6 + s)y/q,
T(n*) = -
q
The usual integration argument shows that the unique closed form solution for T(-) is as
given in the statement of the Lemma. O
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Proof of Theorem 3.1. Define two functions X, w : R+ x R --+ R by
r+6
X(q, r V) = J(n*)(q - sn*
) q(3.48)
1 m m(q - sm) - + rV -- F(v) d dm
q o 2 m o
fon* V(n)g(n) dn + Sn- V(n*)G*w(q, rVu) = rVu - b - Oq -V U  f + q (3.49)
1 (1 - ) G*
(3.50)
where n* and J(n*) are defined as in Proposition 3.1, according to (3.36) and (3.37), and
where G(.) is the probability measure with continuous density
g(n)
1 - -S*) G*
on [0, n*] and an atom of mass sn*G*/q at n*. Note that x(q, rVu) represents the maximum
value of an entrant firm that takes q and rVu as given and expects to pay wages w(.) as given
by (3.34); rVu - w(q, rVu) is the value of an unemployed worker in an economy populated
by such firms. As observed in the discussion preceding Proposition 3.1, (q, rVu) is part of
an equilibrium allocation iff
k = x(q, rV u ) (3.51)
0 = w(q, rVu). (3.52)
We will show that such an intersection exists by first observing that (3.51) defines a con-
tinuous 1-manifold in R+ x R, then observing that w restricted to this manifold defines a
continuous function, showing that it takes positive and negative values, and applying the
intermediate value theorem.
To see that (3.51) defines a continuous 1-manifold, first note that x(q, rV") is non-
155
decreasing in q and nonincreasing in rV", with both relationships being strict if there is
positive activity (that is, if it is optimal for a firm with zero workers to hire). This follows
immediately from the definition of x(q, rV") as the maximal value of the problem for the
firm as described. First, clearly if rVu increases, then for any q, x(q, rV") must decrease,
since if the firm keeps the same hiring strategy as before, then it would increase the value of
its program as w(n) decreases for each n; reoptimizing the hiring strategy can only increase
this effect. Second, if q increases to q' > q, then the firm could keep the value of its program
the same by keeping the same cutoff n* but posting a vacancy with probability q/q' < 1 for
each n < n*. Moreover, for each q > 0, it's clear that there is a unique rV" E R such that
x(q, rV") = k. Finally, since X(') is continuous, it follows that (3.51) defines a continuous
curve in R+ x R. Call this curve C. Since it's clear that wic is continuous (since w itself is
continuous), an equilibrium will exist iff we can find points (qi, vi), (q2, v2) E C such that
w(qi, vi) and w(q 2 , V2) differ in sign.
To do this, first define i to solve
1 [I nk = max - F(m) dm - v .
r + 6 n>o no 2
It therefore follows that limq-_ X(q, ;) = 0. Also, for v > v, x(q, v) < k by construction.
Now, if q -+ oo, then any firm will instantaneously hire n*; thus in the limit, J(n) = J(n*)
for all n E [0, n*]. From the definition of w(.), it follows that in this case, w(q,; ) = V - b.
In the other extreme, let 4 > 0 satisfy x(q, b) = 0; such a 4 will exist provided that
v > b. Suppose that this is true. Then it is clear from the definition of v that n* (4, b) > 0.
Also, by definition,
w(d, b) = -Oq [-VU + V(n) dG(n)] .
If q is finite, then Oq > 0, and G(-) is a probability measure that places positive measure on
every subset of [0, n*] of positive Lebesgue measure, while V(n) - V" > 0 for each n > 0.
Thus the only possibilities are that q = +oo (which is impossible since V $ b), or that
w((q), b) < 0. Thus if V - b > 0, then C contains points at which w takes values of opposite
signs, which completes the proof of the existence of an equilibrium via the intermediate
value theorem.
If V - b < 0 then it is trivial to prove that there is an equilibrium in which no firm ever
enters. E
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